S

A

2911 Lecture

Notes

Shane Leviton

6-6-2016



Stat2911 Lecture Notes

Contents
Table of discrete diStriDULIONS ......coovii et sr e st esare e e saees 8
Ta 1 dgoTe [V AT ] o HUU T TSP P RO PPTOPPTP 9
Mathematical theory of probability........ccccuiiiiiiiii e 9
=10 0] o] LI oY= ol I USRS 9
=10 0Y o] LI o] [} A0SR 9
[T 10 0] o] [T PSP 9
YT 1 ] TP P PPPTO PPN 9
Probability @S @ MEASUIE.......eiii e et e e et e e e tre e e eeaba e e e esabaeeeesnbaeeeennrenas 10
YT T 1 Fed= T I 10
Example of SigMa alGEDra ........eei e e et e e e e e e nreeas 11
0] T ] o1 1 AV o =Tl PSP 11
= 0 aTe Yo LTI i =11 e T I PRSP 11
VLT gL g W [T == [T R 11
De morgan’s 1aws (fOr SEL TNEOIY): coo.uuiiii et e e e e e e e erae e e e areeas 12
e ee e ee ettt et et e et et e e e et e e e e et et e et e e e et e e et et e et et e e e et e e e et e et et et e e et et e e et e e et et e e et et e s et eea et eeeaeeaneneeees 12
o U] eTge] oF: ] o] LIy o - [ LU 12
ClAIMI PA = AQ ettt ettt et sttt s 13
Conditional Probability: .......cocuiiii et e e e e e tr e e e eaaaaeaean 14
Tg o L=T o T=T g Yo F=1 o Yol XU UURRN 15
Law Of total Probability......cc.eeei i e 15
Distributive [aw for SEt thEOY: ..o e e 16
3 LY LI V] (=TSSR 16
RANAOM VAIT@BIES ...ttt ettt b e s bt sat e st e et e e sbeesbeesaeeeas 16
DISCIEEE RV ..ttt e st e e s s e s s e e s e e s s e s renas 16
Probability mass function of DIiSCrete RV ........ueeieiiiiiiiieiccceee ettt 16
Examples of random variables..........cooiiiiiiieecce e e e 17
Joint probability Mass fUNCLION:........ccciiiiee e e et e e ra e e e e 20
[T 1=Y oT=Y g Vo F=Y o Vol TSR 21
POISSON DIStIIDUTION: ....eiitiieiiie ettt e e e e e e sbe e e sar e sbeesneeesareeenees 22
P U] ] oA o] e} il o To T £1 o] o SR 22
Distibution of a sum of random variables: (arithmetricies Of RV) ....cccceeevvveriiiiieeeieeiee e, 26
(6073170} [V 4o o H P TP PRPROPRTRPRROt 27
(o Y=Lt =1 1 o o A 28
DEFINITION .ttt sttt ettt e bt e s bt st st b e b e nbe e s he e s e e et e e reenneesaee e 28
Examples of particular KINAS ..........ceeiiieii ittt e e e tae e s e ebae e e e 28



Stat2911 Lecture Notes

BEINMOUIII: .ttt ettt e st e s bt e e st e s be e e s at e e s be e e sab e e sabeeeabeeesreeenanes 28
L0113 o ] o [PPSR 28
BINOMIIAL ..ttt sttt et b e b s ae e sttt e be e b e e nheesane e 29
LCT=ToT 1 01= i o PP T PP 29
=YYV o110 o o o1 T ISP SPR 29

HY PEIZEOMETIC ...ttt e e e e e ettt e e e e s e s bbb e e e e e e s sssanrbeeeeeeessannnraaeeeens 30
=T LA =Y o T<Tot - L [ ] PPNt 30
Expectation of @ fuNCtion 0f @ RV: ..o e e 30

[ o To) TSRO P PR P PO PPPTPPUPPUPRRPRO 30
PrOOT Of 21 ettt sttt e st s e b e e s e e e ab e s be e e bt e e s beeenars 31

AV [T | o[ PP P PO PPPRPTOPPPRPRTR: 31
DTINITION <.ttt sttt et b e bt e b e st s et e b e e be e s be e she e st e et e e nbeenheesaeeea 32
Variance and expectation COMPULAtION..........iiicciiii i e e e eree e e e aae e e eeasaeeeens 32

[ Y00 Y o] [T | V= LA - [ [ PP 32
Table of discrete distriDULIONS .....cooviiiiiieie ettt sab e e ssneeesbeeeaee 34
EXpectation @s @ liN@ar OPEIator... .. iiie ittt e e e e e e e e e s satae e e ssnbaeeeesnreeaeas 35
Expected value of SUM OF X 4 Y oo s s e 35
2 Te [oTa V7= Tot o] PP P PSS PSR PR 35
Expectation MUIIPICAtION .....iii i e e e s e sre e s e ebae e e e eareeas 37
L6113 LTSS U VSR UPPTRPRPRP 37

I T o o N PP P PO PR PR PPURROPRRPRO 38
EXample of X € LT DUE NOT € L2 ....oooieeeeeceee ettt e tee e e te e e s e ate e e e e ata e e s e nba e e e enreeas 38
What aboUt The OPPOSITE? ....eiieeiieeecee ettt e e e e e e e e e e abe e e e eabe e e e enbeeeeesateeeeennsenas 38
SOUSVX ¥ € L27 ettt et sttt st r e e sre e saeeeane s 38
L6113 LTSS U VSR UPPTRPRPRP 38
ClaIM: SHIFEING V(X)) ceeeitieie ettt ettt sae e st sttt b e e b e s b e saeeeaeeeneeas 39

LOTo 1Y 2= 1 T= 1 Lol TSRS 40
DEFINITION .ttt ettt sttt e bt e s bt e s bt e s ab e eab e e be e bt e ebe e saeeeateeabeeabeesaeesaeeea 40
(611 o L PSPPSR PPTOPRTRPRP 40

S0; BOINE DACK T0: VX F Y e e e e e et e e e et e e e e aaaaeeean 41
BY iNAUCEION: VAriaNCe OF Xi 'S..uiiiioiiiceictieeecee sttt et sttt sr et sbesse e besaeestssaeeneesteeneens 42

(0 o 1=Y 3V g L=l T=Te [V - 11 S PRRST 44
Lemma: MarkoV’'s IN@QUAIILY......ccveee ittt e tre e e e sbee e e e sra e e s e eabae e e e areeas 45

I YV o ) B Y ={c o 0T oY o] 3 S 46
ConVergence Probability .........ui e e e e e et re e e e araaeean 46
Theorem: Weak |aw of 1arge NUMDEIS ......ooieiieeeee et e e e e e rar e e e e e e 47



Stat2911 Lecture Notes

Strong 1aw Of [argE NUMBEIS: .....iiiieiee e e e e s b ae e e snnereaeeas 47
The Multinomial distriBULION: .......ooiiiiie et e s nee e sree e 47
Multinomial randOmM VECTOI .. ..ccuiiiiiieeeeeeeee ettt sttt be e s e saee e 48
Goal: pm for multinomal RaNdom VECTON .......uuiiiiiiee ettt e e 48
oy 4 =1 o o TSP PSRRI 49
The Method Of MOMENTS ...ooeeii e et e bt e sae e e s b e e sanes 49
MEthOd OF MOMENES ....eeeiiiiiee ettt e st e sbeesaeesane e 49

o] =T W10 0 F= ) ¥ =N 51
Maximum likelihood estimation (IMILE)........coocuuveiiiiiiiieiieeeee et eeereee e e e e e eeeaaberereeeeeeenns 53
LiKEITNOOM fUNCLION ..eiitiiiiiie ettt et e st e sab e e sabee s bt e e sabeeenees 53
Hardy-Weinberg equUiliDriUum ... i e e s b e e e e sareeaeas 59
10 0 =To 1 V2R 59
110 1 o] TP 59

So how do we rigorously compare different estimators? ........ccccceeeciieeeeciiee e 61
BACK 1O HW ..ttt et ettt ettt e st e e s b e s bt e e s ab e e sabeeesabeesabeeenbeesabeeennnes 63
Hardy — Weinberg equiliDrium........ooo it e e e e e e e e e e ereeas 65
DElta MELNOM: ...ttt b e bt sttt et e sbe e s reesaeenas 66
Parametric BOOTStrap METNOM ........oo i e et e e e et e e e e ara e e e sensseeesannreeaean 72
[ TaaY o] [N = Ta Ve 2T F- | PO PSP 72
Example 2: Hardy Weiberg equilibrium ........c..oooiiiiiiiiieee s e 73
Conditional EXPeCtation/Vari@nNCe ......ccuecveereeireeireeeieecteeceeeteeteesteesteesteesabeebesbeenbeesbeesseesseessseenseensees 74
(00T Yo [T g = =) q o T=Tol =Y i o] o RSP 74
e Ta Y1 [T 1TSS 75
L0113 B I PSP U VSR PPPTPPRTRPRRP 75
RANAOM SUMS: ..ttt st sttt e b e s bt e s i st e s bt e bt e b e e sbeesmeesaeeeaneeneesneesneenas 75
[T 0T o 1TSS 75
Conditional Expectation (the RV).... (not a number, a random variable).........cccccceeeveieiiiiireeinnn.n. 77
DTINITION: <.ttt ettt et st s e et b e e s bt e bt e ehe e et e ebe e beesbeesheeeanena 77
Theorem: Expectation of conditional expectation (total expectation [aw).........cccceevcveeecrveennnenn. 79
What about the variance of conditional expectation? VEYX isit VY ?..cccoceiiviiiiiiciieeiiieeeees 80
CoNItioNAl VarianCe: ... .ei ettt st s e e bt e e e s b e e sar e e sareesneeesareeaane 81

F N0 T2 Lo} ={ YU ] V3SR 81

S0, CONAITIONAI VATTANCE: c..cociieeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee ettt ettt et e e e e e e e e 81
Continuous RaNAOM Variables. ......cooeeiiiiiiiieee et 83
CDF (Cumulative distribution fUNCLION) .....ueeeiiiiiiiiieieee et 83
(DT T a1 oYy Lo TP RO TSP 83

3|Page



Stat2911 Lecture Notes

Continuous random variable definition:.........ccoouiiierii e 86
PDF: £ eoeeeeeeeeeeee e eee et s s sttt b et s et saen s s st 86
Examples of PDF/CDF distrhULION: .......ccuiiiiiee ettt ettt et e eaae e e b e eanas 88
UNIform distribULION: c..coeeieiiee ettt et s e e e s 88
EXponential distribULION.....cocciiiiiiiie e e e e s e e s e naree s 89
GamMMA diStrIDULION: .ot e e st e e sbe e e s b e sneeesareeeaee 91
NOFMAL AISErIDUTION...c.eieiiiiie et sttt e e b e s e 93
QUUANEITES ettt et e s bt sae e sttt e bt e bt e sh et e a et st e bt e b e b e e nbeesaeeeneeentean 94
QUANLITE AEFINTTION: c..eeeiieie et st sttt e b e b e b e sae e s e e s 94
Yo JTol - I U= Y ] L= PSPPIt 95

o oI e T T o 1 TSP 95
DEh qUANTIlE defiNItiION: oo s e e rae e saree s 95
Quantile fFuNCtion: DefiNItiION .....cociiiiiiii e st 96
Functions of random variables for continUous RV..........cccoiiiiiiiiiiiiniieeeeeeenee e 97
Claim: uniform distribULION ........oiiiiiiie ettt 97

(0 110 0 Y=Y o ¥ o111 =PSRN 98
SAMPLING I L.ttt s bt sttt et e bt e s bt e s ae e s ae e st e e bt e be e bt e nbeesneesaeeennean 99
(61113 OO TSSOSO PTUPPTOTRRTPRR 99
Theorem: Random variable fUNCLIONS .......ccoiiiiiiiriiieeeee e 99
Examples of samples and funCLiONS: ........cooiiiii i e 100
Joint distribution (discrete analogue of JoINt PMF) .....c.eiiiiiiiiii i 102
Joint density defiNITiON: .....cueiii et e e e e et e e e et e e e e e bt e e e e earaaaeeanes 103
(0o T0 0] 0 41=T o) &SSP ST OPPPTOPPRTON 103
Marginal distriDULION: .....ciiiiiee e e e e e e s e e e st e e e s aba e e e enbeeeeeareeas 105
PrOOT: et sttt st st bbb e reesaeeeaeeerean 105
oY .01 o 1SRN 106
Gamma/eXPONENtial JOINT......ccviiiiie ettt et et e e et e e ebeeeeteeeeareeeteeeearee s 106
Uniform distribution of region in @ plane ...........cccuee i e 107
Bivariate Normal (SPECIAI CASE) ..cuviierieeeiee ettt ettt et e e te e s ete e eetb e e s beeebaeesabeeenns 109
Independent RV’'S (CONTINUOUS) ....occieeeiieeeieeeite ettt e eteeeetveesteeestteesbeeetaeesabaeebaeesabeessseessseesnsaeesarenan 110
FOI CONTINUOUS: ... st e e e e e s s b e e e s s ne e e e s sreneessreneesaanee 110
DEFINITION: <.ttt ettt e b e s bt sae e st e et e e be e she e sae e eabeebe e beens 110
10 Y o1 [T USSR 111
Conditional distriBULIONS: ......ooiiiiiee e st 113
CONTINUOUS: ..ttt a e e s b e e s b e e e s sbb e e e s s nba e e s snbaees 113
(00 153 1 (U 1 o o H PP PPPTROPPRRRE 113



Stat2911 Lecture Notes

(0o ToTe [ dToT o F=1 e [=T o Y1 AP PPPOTRPPPN 114
T80 o] [PPSR 115

Y= T00Y o1 T o= 48T 74 O PP 116
DY ol =1 =TT PP PP OPRT T 116
CONEINUOUS ...ttt e st e s st e e s eab et e e s eab e e e e s amreneessreeeessaneneesanneneesannen 116
SUM Of RANAOM Variables .........oi it sar e s 116
CONEINUOUS: 1.ttt a e e e s b e e e s b e e e s sbb e e e s s nbaeessnraees 116
Density of Sum of continuous random variables Z = X 4+ Y: (convolution).......cccccccecvvveennenn. 117
QUOTIENTS OF RV’S ettt sttt e s e st st e st b e bt e s be e sbeesaeeeabeebeesbeesneenas 119
(oY U] R o e T8 o) 41T o £ USRS 122
(oY g oo 1T o 1=T g Vo F=T oL N PR 122
Functions of jointly CONTINUOUS RV ........eeiiiiiiec ettt et e e et e e e e are e e e e nreeas 122
1Y/ =T o o1 o ¥ =S PPNt 122

21 Lo X VU o I = Yot o] SRR 123

N Tole] o =T == a1 T o 2RSSR 124
BOX-MUIIEE SAMIPIING .. .eiiie ittt et e e e st e e e st e e e e s s baeeesnbeeeessbaeeeanseeeeannsenas 128
Visual comparison of distribULIONS .......cooccuiiiiiiiiec e eare e e 129
[0 T 1] o ) SRS 129
T8 0] o1 [T SRR 129
More general QQ PIOt: .. .i i iieee et e e e e e e et e e e s bt e e e eate e e e ebreeeesbraeeeaanes 130

[ g o1 g Tor-1 Wo I - LTRSS 130
EXtrema and order STatiSTiCS .....ocuiiiiieiieieeiee ettt s s s 137
Sorted Values: Order STatiStiCS ... oi vttt sttt sttt e be e s 137
(611 LT PO PPPPUPRRPRO 137
Expectation Of Order statistiCS.....uuiiiiiiiie it e e e e sber e e e s rreeeeeanes 139
Expectation 0f @ CONTINUOUS RV ......ooo ittt ettt et e et e e e e eate e e e e abe e e e enbeeaeeeareeas 139
(D12 1o T oY o H OO OO TU P PP 139
LOOKING @t @XAMPIES: ooieieeee e e e e e e e e e e e et e e e e e e e e e aabtrreeaeaeeeeanranes 139
Expectation of a function for continUOUS RV .........eiiiiiiii it 142

In continuous case analogue: Expectation of function.........ccccoeevciiiiiccie e, 142
VarianCe fOr CONTINUOUS: .. ..ottt ettt et b e bt s ae e st e et e e beesbeesaeesaeeeas 143
(o [UE: | A oY o IR (o or-] (ol [V} f S USSRRN 144
Variance Of IN@AI SUMI ..o sttt et be e s ee e e s 144

{01 1V 2= 1 1= Lol P PP 144
(6111 o LTS PTOPRO PP PPUPRRPO 144
Variance of sum of RVS iNdePendent:......ccco ittt e e 144



Stat2911 Lecture Notes

Yo E e lo LIV 1 d o] o H PPV UUPTOP SRR 144
Correlation COBTFICIENT: ...ciiiiiie ettt st st e s e e snee e sbee e sanes 145
Claim: Correlation COBffICIENT .....cc.eiiiieiee e e 145
EXamMples Of VAriaNCe ECL: ....uuiiiiiiieee ettt e e e e et e e e e e bte e e e ebte e e e sntaeeeeanes 145
SEANAArd NOIMALT ..t st sa e st sbt e e s bt e e bt e e s areesbeeesareens 145
GeNEral NOIMAli X ~ N G2 .ottt et e st e e s e ebae e e s sbaeeessbeeeessanes 146

LG 021021 TP PO PP OPPPTOPPPTON 146
Bivariante standard NOIMAl: .....cooieiiiiiiiieeee ettt s 147
Markov’s inequality in CONTINUOUS: ........eiiiiiiiee ettt et e e e e ree e e e abe e e e e abee e e eabeeeeearenas 148
[olo] 01 {9100 U - P TP TP SPP P PSPPOP 148
Chebysshev’s INEQUAIIEY . ...iii e e e e s e e e s rae e e s abae e e e sabeeeeenareeas 148
Weak [aw of [arge NUMDEIS: ... ...t e e e aae e e e raeeeean 149
Strong |aw of [arge NUMDBEIS .. ....oii e e et e e e aae e e e raeeeean 149
EStimation fOr CONTINUOUS. .......oiiiii ittt e as 149
[T L0 Y1 [T U SPURN 149
SEANAArd NOIMAL: .ottt e st e st e s sate e sbe e e bt e e sabeesabeeesabeens 149

1 Lo g 4 = OOV S TSP UR PPN 149
0T 011 0 A I-| RS 149

Y or=1[=Te [ 67 [Tl o 1Y PPN 149
MeEthod OF MOMENTES: ...c..eiiiiii et st r e b e saee e s 149
T8 0] o1 [T USRI 150
Maximum likelihood estimation (IMLE)...........ooiiuiiii ittt e et e e e e e e breeeeeanes 150
FOI CONTINUOUS: .ttt e e s s e s s enree e s s amne e e s e nneees 151

(@foT o [T g -1 =) q o T=Tol =1 d o o PPN 152
Conditional expectation def: ... e 152

Y oY gl oY =T - | USSR 152
MiIXEd diSTIIDUTION....ceiiieiie e e s e e e sre e e snnee s 153
oY .01 o 1= USSR 154
Uniform and bBinomial........oueoeoion e e 154
Natural valued With iid SUM ......cooiiiiiiee e e e 154
Expectation of mixed diStirbULOINS: .......coeiiiiiei ettt etr e e et e e e e e e e e e eaees 154
B Lueeeeeeeeeeeeeeeee e et et et e e ete e et et e et e e e e et e et ee e et e et et e et et e e ee et e eeeen e e e et enet e et et e s ee e ee et e eeeneeanees 154

1= PSR P P PRTRPRON 155
Variance Of FaNdOM SUMI. ..ottt ettt ete e sbeesaeesane e 155
Law Of total Probability.......c.eeei i e e e e rta e e e 155
WE CAN NOW PrOVE this: ..uuiiiiiiiieiiiiieee ettt e e e ecee e e e e e e st re e e e e e e e e s enbrseeeeeeeeesnnsrsaneeaaeannns 155

6|Page



Stat2911 Lecture Notes

[ =To T4 o] o P TPV PRTOUSRTOUST 156
g =To 1ol (o] S TP P PP PR POPRTOURRUPRRIOt 156
(61T LSO P RO PR PP PPTUPRRPPO 157
Back to prediction Problem: ... ... e e 157
EXample Of Preadiction: ... ... s e 158
Moment generating fUNCLION (MGF) .......oociii ittt re e st e s e e e sate e ebaeesnree s 160
(D23 T g T o T3 LTS P PO USSP UPOPRPRT 160
(07 (U] = 4 gV 1Y [ SRRSOt 160

SO Why are We doiNG thiS? ..co...eeiiiieie e et e e s ee e e e aba e e s e abeee e eareeas 161
TREOTEM Li ittt ettt e s e e st esa e e s bt e s bb e e s bt e s bbeesabeesabeeesabeesabeesnteesabaeennees 161
TREOTEIM 21ttt ettt e s e e s bt e e s a b e e s bt e s bt e e s bt e s bbeesabeesabeeesabeesabeesanteesabaeenees 163
Weak convergence/converges in distribUtion ..........ccoooiiiiiiiiie e 164
WEAKIY CONVEIZES ...ttt et e et e e e et e e e et e e e e e ataeeeeaataeeeessaeeesnsaeeeessaneeans 164

(O T ot =T 1 a Toll 0] Vot To T o I (01 ) T PRt 167
CONFIdENCE INTEIVAIS ettt ettt e e bt e e sab e e s bt e sbee e sabeesbeeeneeesabeeenees 168
(30T 4 1= 1o o PP PRSP PPPPROPPRRROR 168
We want to Know- how €loSe are We t0 87 ......c..ooiieiieiieiiiciceeeee ettt 168
ConfidenCe INTEIVAl SET UP: oottt et e e e et e e e et e e e e ebeeeeeeabeeeaeeseaeaeeanes 169
Constructing confidence iNtervals (ClS) .....iciiirecieiiiie ettt e et e e rae e s beeeaeas 172
Examples of confidence iNtervals: .......c.ueviiiiei i 172
Constructing approximate Cis based onthe MLE ..........ccviiiiiiiiii it 180
Confidence interveals for BErnouUlli G .........cccoiiiiiiiiiiiieee et 181

7|Page



Stat2911 Lecture Notes

PROBABILITY AND STATISTICAL MODELS

STAT2911 Notes

Table of discrete distributions

Distribution

Model

pmf

EQX)

V)

Bernoulli(p)

Success or

failure, with
probability p
Eg: coin toss

p(1-p)

Geometric(p)

Probability p to
first success: eg
coin toss till
first head

T | =

Binomial(n, p)

n Bernoullii
trials.

Eg n coin
tosses

np

Poisson(A)

Number of
eventsina
certain time
interval.

Eg: number of
radiactive
particles
emmited in
certain time

Hypergeometric
(r,n,m)

number of red
ballsrin a
sample of m
balls drawn
without
replacement
from an urn
with r red balls
and n — r black
balls

(i) (o~ i)

rn—rn—m
m_
n n n—1

Negative
binomial(r,p)

Number of
Bernoulli trials
till the rth
success

(Irc B i) (1 —-p)Tp"

=

r(1—p)

8|Page




Stat2911 Lecture Notes

Uri Keich; Carslaw 821; Monday 5-6

Introduction

- Probability in general and this course has 2 components:
o Mathematical theory of probability
= Definitions, theorems and proofs
=  Abstraction of experiments whose outcome is random
o Modelling: argued rather than proved applications can be confusing, as well as ill
defined
= Useful for describing/summarising the data and making accurate predictions

Mathematical theory of probability

Sample space
The set of all possible outcomes, denoted (), is the sample space

Sample point
A point w € Q is a sample point

Examples:
Die:

O ={1,2,3,4,5,6}
Coin:
O ={H,T}

- Complication: do we model the possibility that the coin can land on its side?

Events:
- Events are subsets of ), for which we can assign a probability.
- We say an event A occurred if the outcome, or sample point w € Q satisfiesw € A

9|Page
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Probability as a measure

P(A) is the probability of the event A, which intuitively is the rate at which A occurs if we repeat the
experiment many times.

Mathematically: P is a probability measure function if:

1. P(Q)=1
2. P(A) = 0foranyeventA
3. If Ay, A, ... are mutually disjoint (43 N4, N ... = @) then (P(Uyp=1 4,) = Xm=q P(4,))

For this to make sense, we need to know that a union of a sequence of events is ALSO an event.

- Why do we bother with determining events? Why can’t any subset of Q be an event?
o Imagine choosing a point at random in a large cube C © R3, where the probability
of the point lying in any set A © C is proportional to its volume |A|
o Clearly, if A, B € C are related through a rigid motion (translation + rotation), then
|A| = |B| so their probabilities are the same
o Similarly, if A € C can be split into A; U A,, then P(4A) = P(4,) + P(4,)
o Bernard-Tarski Paradox:
* The unit ball B in R3 can be decomposed into 5 pieces, which can be
assembled using only rigid motions into two balls of the same size.
* Butthen: P(B) = P(By) + P(By) +:++ P(Bs) = P(B;) + -+ P(Bs) =
2P(B)
= This is why we cannot assign probabilities to EVERY subset of (). Probabilities
can’t be assigned to arbitrary sets, rather to sets which are “measurable”.

The collection of measurable sets is captured by the notion of o algebra (o —field)

Sigma algebra
Definition:

A collection of subsets of Qisa o — algebra is

1. Q€F
2. AEF = A°€EF
3. A, A, ...€EF=U_ A, EF

2. says that F is closed with respect to complementing and taking the complement
3. says that F is closed with respect to a countable union
- (countable means you can count it)

A = {1,3,5}is a finite countable set

- Nisaninfinite countable set

- Zis also an infinite countable set
- Qs infinite countable

- Ris not countable

10| Page



Example of sigma algebra
Q={12,..6}

F = the power set of () = the set of all subsets of )

= {0, {all singles},{all doubles} ..., Q
Denoted

_29.

Questions:
What is the cardinality of F, or how many subsets of ) does it contain

Is 2 ALWAYS a o algebra

What is the smallest o algebra regardless of the sample space

ANSWERS?
- 2lal

- {@, Q}

Probability space:
A probability space consists of

1. Asample space )
2. Ao — algebra of subsets of ), F
3. A probability measure: P: F - R

Eg: model of fair dice

0=1{12,..6}
F =29

P =
|

,  i=[16]

DO =

P(4) = |

o (for A€ F)

Venn diagrams:

Stat2911 Lecture Notes

Useful to vizualise relations between sets. They help plan proofs, but don’t use them as PROOFS in a

course
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De morgan’s laws (for set theory):
(AUuB)¢ = A°n B¢
(AnB)¢ = A UB°®

Eg:
P(AUB) =P(A)+P(B)—P(ANB)

- WhyisAUB and N B € F ? (why are they events)

AUB =AU (B \A) [(U) = disjoint union)
B\A = B n A¢
. P(AUB) = P(4) + P(B\A)

(using that (P(Up=1 Ap) = Z P(4,), with A and B and infinite @ 's>

n=1

(probability of empty set is O)

P@P(UD) = Y P(®) > P(® ) =0
n=1

P(B) =P(B\A)+P(BnA)
-~ P(AUB) = P(4) + P(B) —P(AN B)

Equiprobable spaces

- A space consistics of a finite sample space suchthat Vw € Q P({w}) =c >0
- (all equally likely)
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NOte: w € Qis a sample point, {w} =aneventinF

- Why does it have to be finite?
o Otherwise

{wlh=1cQ
P(Un{wn}) =2P(wn) = Z C =
n n=1

[but VA c F,P(A) € [0,1] (why? - show))

. |A|
Claim: P(A) = —
aim: P(A) o
Proof:
A =U ey {0}
£ P(A) = P(Uyea (0] = ) P(w)
WEA
= |A| X c
take A = Q)
- P(Q) = 1 (definition) = |Q|c
1
> Cc=—
1
- P(A) = ﬂ
12
This means: that probability is just combinatorics!!!!
Example of probability combinatorics
1. Afair dieis rolled:
P((w]) = 7
V=%

2. Agroup of n people meet at a party, what is the probability that at least 2 od them share a
birthday

o model that no leap years, no association between birthdays

Q = {(iy, ... ip)|ix € {1, ...365}}

! 3657
- — =
12|
Let's rather compute the complement
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|A®| 365 x 364 x ...(365 —n + 1)
Q] 365"
n

TT365-(@—1)
_HT {n < 365}

i=1
- i—1
- 1_[ 1= 365
= (365)
n

© 365"

P(4%) =

PA) =1

Sidenote: forn = 23 —» P(4) =

N | =

3. what s the probability that one of the guests shares YOUR birthday

B = {(iy, ...in) € Q}3j,i; = x (your birthday)}

o B¢ = {(iy, - in) € QIVj, i # x
= |B¢| = 364"

Sidenote: forn = 253,P(B) =

N |-

Conditional probability:

If A,B € F and P(B) > 0 we can define (Probability of A given B)

P(ANB)

P(AIB) = —

Example:

Stat2911 Lecture Notes
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A={12} B=1{135}

Independence

Event A € F isindependent (ind) of B € F if knowing whether or not A occurred, does not give us
any information on whether or not B occurred.

P(BNA)
P(4)

= P(B)
~ P(B N A) = P(A)P(B)

- this definition is more robust (symmetric about A and B), and no need to assume P(4) > 0;
and easier to generalise

general:

n
P(A;N Ay, .0 A,) =P ( Ai>

i=1

- stronger than pairwise independencell!

NOTE: independence is NOT DISJIOINT (disjoint gives you total knowledge that the other would not
have occurred)

Law of total probability

- a probability of an event may be computed by summing over all eventualities

3 machines A B C
Production rate .05 2 3
Failure rate .01 .02 .005

P(failed product) = .01(.05) +.2(.02) +.3(.005)

Generally:
If P; € F forms a partition of ()

then P(A) = P(ANQ)

=P (A u (Y, Bj)) —p (u, (An B]-)) = Z P(ANB) = Z P(A)P(B|A)
7 7

15| Page



Stat2911 Lecture Notes

Distributive law for set theory:
AU(BNC)=(AUB)N(AUu0C)
AnNn(BUuC)=ANnNB)UANC)

Baye’s rule:
Diagnostic: which of the events B; triggered the event A?

P(ANB;
p(sla) = "E00)

(which machine B caused the failure of A?)
P(A|B;)P(B))

~ XiP(AIB)P(By)
(using definitions of law of total probability and conditional probability

Random Variables
A RV is a measurable function X: Q - R

Discrete RV
ARV is is discrete if its range:

X)) ={X(w):we}cR

Is a countable set (finite or infinite)

Probability mass function of Discrete RV:
The pmf pf X is definite as:

px(x) =P(X =x) = P{w: X(w) = x}) [withx € R]
- whyis{w: X(w)=x}€F?

Properties of pmf
Claim:

1. Vx € R\X(Q) then py(x) = 0 (the pmf of something which is unattainable is 0)
2. With{x;} = X(Q), ¥;px(x) =1 (the pmf of all outcomes is 1)

The distribution of a discrete RV is completely specified by its pmf. Indeed, VA c R

PUXEA) = D pr(x)

i:x;€EA

(shows the probability that an outcome is going to happen)
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- We can thus specify the distribution of a RV X by specifying its pmf py

Question:
Can any functions p: R — [0,1] with a countable support {x:p(x) > 0} such that };.,;)s0 p(x;) = 1
be a pmf for some random variable?

ClaimL if p is as above, then there exist a probability space (Q, F, p) obout a RV X: (1 — R such that
bx =P

Proof: Q = {x: p(x) > 0}, F = 2% P(A) = Yxeap(®)

X(w)=w
Examples of random variables
Bernoulli random variable
Is defined by the pmf
x=0

p(x) = {;_ p; (failuer and success)

x=1
Eg:
Q={H,T}: P(H)=p

1, w=H
X(“’)={0- w=T

Binomial random variable
S, models the number A of some in an iid (independatn and identically distributed) Bernoulli trials

A 2 parameter family of distributions: (n, p)

0 i il
Note: if X; = 1: {success of trial} = {1 ;j;.ﬁzzcue?;i; then X; ~ Bernoulli(p) and S, = Y1 X;

Generally: fpr an event A, then the random variable 1, is the indicator function of A:

lifweA

1,(RV) =
a(RV) {0 w notinA

S,(@) ={0,12,..n}
Fork € S,,(Q); p(S, =k)is:
- Consider the configuration of a Bernoulli trials: s,s,s, ....f, f, f.
- Its probability is p* (1 — p)* x (Z)
Binomial RV pmf

2 p(Sa =) = (3) P*(1 - p)*

Geometric random variable:
Models the number of iid Bernoulli (p) trials if it takes till the first success
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X(Q) ={1,23..}U{oo}
A 1-parameter family : p

Pmf of geometric random variable
pX=k)=1-p)'p

P(X > k) = (1-p)*
PX>n+kX>k)

PX>n+k|X>k)= X S 1) (using conditional probability)
PX>n+k) (1-p)"tk
= = =(1-p)"=PX >
P(X > k) A—pr = A=pPi=pPX>n)

This property is “memoryless” (the probability does not remember what has happened before)

- Geometric is the ONLY discrete memoryless distribution

Ifx; = 1{succsess of trial i}s then x = min{i:Xi =1}
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Negative binomial RV

Models the number of iid Bernoulli trials till the t" success, where r € N

- A2 parameter disctribution
- Note: X':r = 1is a geometric random variable

X"(Q) ={r,r+1,..}U{oo}
Pmf:
Fork e X"(Q),P(X" =k) =
- Consider the configuration of its Bernoulli trials
(f.f.f)-55,5,5)
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Hypergeometric RV

X models the number of red balls in a sample of m balls drawn without replacement from an urn
with r red balls and n — r black balls

X(Q)c{01,..r}
Probability:
Fork € X(Q)

O () )
pmf: P( ) (::l)

Which is a 3 parater family: (r,n, m)

(is not phrased in iid Bernoulii RV)

A famous case of this is the Fisher Exact Test

Fisher Exact Test:

30 convicted criminals with same sex twin of 13 which 13 were identical and 17 were non identical
twins.

Is there evidence of a genetic link?
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Convicted Not convicted
Identical 10 3 13
different 2 15 17
12 18

- Assuming that wheterh or not the twin of the criminal is also convicted does not depend on
the biological type of the twin, we have a sample from a hypergeometric distribution

Indeed: there are 13 red (monozygote) balls and 17 black (dizygotic) balls. We randomly sample 12
balls (convicted), what is the probability that we will see 10 or more red balls in the same sample?

Let X ~ Hyper(13,17,12) = (r,k,m)

13y, 17
P(X = 10) = iw ~ 0.000465
2 ()

So- it seems very unlikely that there is no relation between the conviction of the twin and its type,
but:

- Did we establish that a criminal mind is inherited?
o Problem with this statement
o Conviction vs truth “that face is up to no good??”
o Sampling/ascertainment bias
o ldentical twins tighter connection?

Joint probability mass function:
The joint pmf of the RVs X and Y specifies their interaction:

PXY(x'y) =P(X =X,Y =)’) (x,ye R)
Note: {X =x,Y = y};{w € Q| X(w) =x,Y(Q =y}

- If X andY are discrete Random Variables, with
o {x} =X(Q);and {y;} =Y(Q)

Then: (keeping y fixed)

Py(x)=P(X =x) = Z PX=xY=y)= zPXY(x,yj)

J J

Similarly:
P3) = ) Puy(xy)
i

Py and P, are referred to as the marginal pmf’s
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Example:
A fair coin is tossed 3 times

X = 1{H on first toss} = number of heads in first toss
Y = total number of heads

Q = {HHH, HHT ...};|Q| = 8

Y 0 1 2 3
X 1/8 2/8 1/8 0 1/2
0 0 1/8 2/8 1/8 1/2
1 0 1/8 2/8 1/8
1/8 3/8 3/8 1/8
So, P(X = 0) ==

8

(note: called marginal, as it is in the margis)
NOTE:
1
X ~ Bernoull (E)
1
Y ~ Binomial (35)

Are X and Y independent RVs?

- Therandom variable X is indepdent of Y if “knowing the value of Y does not change the
discibtion of X” (so NO- they are not independent)

Independence:
P(X=x,Y=y;)=P(X=x,Y #y))

> P(X=x,Y= yj) =P(X =x)P(Y = y]-) (Definition)
Pyy(x,y) = Px(X)Py (¥)

The joint pmf factors into the product of the marginal

More generally, the random variables X3, ... Xy are independent if:
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n
P(Xy = X1, X = xp) = Px, . xn (X1, X)) = ﬂPxi(xi) (Vx; ER)
i

Note: take caution that PAIWISE INDEPEDENCE DOES NOT IMPLY INDEPENDENCE

Poisson Distribution:

Recall:

X ~ Poisson(A)

A
Px(k) = e_)' -

k

k!

(keN

- A1 parameter faily, A > 0
- Where does it come from?
o Models the number of “events” that are registered in a certain time interval, eg: the
number of

Particles emitted by a radioactive source in a hour
Incoming calls to a service centre between 1-2 pm

Light bulbs burnt in a year

Fatalities from horse kicks in the Prussian cavalry over 200 corp years

(Boriewiez 1898)

20 corps x 10 years = 200 corp years

Number of deaths Observed count frequency Poisson approximation
0 109 .545 .543
1 65 .325 331
2 22 .110 101
3 3 .015 .021
4 1 .005 .003

So, how did we come up with the Poisson distribution?

Assumptions of poission:
1. The distribution of the number of events of any time interval depends only on its length or
duration. (eg; number of horse kicks only depends on that it is a day, not on the particular

day)
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2. The number of events recorded in two disjoint time intervals are independent of one
another (numer of horse kicks is independent from today and yesterday)

3. No two events are recorded at exactly the same time point (you can’t have 2 horsekicks
exactly at the same time, must be slightly different in time)

So:
Let X, ; denote the number of events in the time intercal (¢, 5]
- Denote by: X; = X+

Our goal is to find the disctibution of X:

- Let f(t) = P(X; = 0), then

ft+5s)=PXs=0)

= P(Xt =0,Xp 54t = 0) (disjoint time intervals, and using property 2)
= P(X; = 0)P(X54c = 0) (property 1)

=PXe = 0)P(X; = 0) = f(t) = f(s)

- ft+s)=f)f(s)Vt,s>0

One type of solution of this is:

f(©) =e* (@ €R)

(note: other solutions exists, but are a mess, in that they are unbounded, but f(t) € [0,1], so can’t
exist for probabilities).

For the same reason, @ < 0 (to remain bounded)

So:

a=-1 (forA>0)
> P(X; = 0) =e™* (fort=1)
Py, (0)=PX; =0) =@

. . (k-1 k], .
Let: Y;, = the number of intervals in (T’Z] in (0,1] where an event occurred is:

n
= z 1 } (n iid Bernoulli (pn)) (as independent of time interval, and disjoint)

=1 _[
k >
n

k2
( -
> 1) (aleast 1)

X1 = 0) (law of total probabilities)
n

X1
n
-P

I
_

/N
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1 _A
— — ~ Binomial (n, pp=1—e n)
n
1 . . .
Note: ~=< X; and Y, < X;, if two events occur in the same interval

However:

lim Y, = X,

n—-oo

(as X; accounts ALL events, but Y,, counts only the events in a certain time interval)

Because no two events can occur at the same time. (property 3)

A
The expected value of a binomial(n, p) RV is np. For %, thisisnp, =n (1 — eﬁ), what is the

lim np, ?

n—oo
A A
=n({l1-|1- — R, (— E) (using the Taylor expansion)

A
Rl(;ﬁ) 4o

n

=1+

Therefore, the limit of the expected value for the binomial is 1
Claim: if Y,, ~ Binom(n, p,,) such that np,, - A (as n = ), then for any fixed k € Z™:

lk
P(Yn = k) “n-oo et —
k!
(binomial converges to the poisson pmf)
Corollary:

X = X; ~ Poisson(X) for largen
Ty_l)rgop(yn =k) - P(Xpoisson)

Proof of claim:

P(Yy = k) = () oA (1 = pp)" "
nn—-1).(n—k+1) ,
= Kl Pn
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Asn > k:
(np,)* (nn— 1 n—k+ 1)
- -
k! n n n
/1k
asn — oo = i (using assumption)
Also:

(1 —p)" =1 —p)"1 —pp)"
- (1 —p)" (asp, > 0asn - x)
. lim (1 _ pn)n — enln(l—pn)

n—oo

X
Taylor expansion:In(1 — x) = —x + R;(x), where ) -0
~ limit is:
nin(1 —p,) = n[—p, + R (p,)]

R1(pn)

n

= —-np, + (npy)

~limit - —A4
~lim((A-p+n)t) =e?
n—oo
Example of poisson approximarion to binomial distribution:

n=100;p =0.01;1 = np1l
P(Y, =3) =0.0610 Y,, ~ Binom(n,p)
P(Xpoisson = 3) = 0.0613 (X ~ Poisson(1)

(so pretty good approximation)
Proof of corollary:

lim P(Y, = k)
n—oo

Going back to our horse deaths:
What is missing?

A is missing, how did he come up with his lambda?

Computing the mean of the empirical data

Example: faulty monitor
The radioative source gives off particles emitted according to Poisson(4)

How do we see if the monitor is faulty, and if it it picking up all the radiation?
Let X be the number of particle REGISTERED in an hour
What is the distribution of X?

Let N = the number of particles EMITTED in the same time (note: it is unobserved)
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Fork € N;

PX=k)= Z P(X =n|N =n)P(N =n) (using law of total probability)
k=0

note: P(X =n|N =n) =0 foralln < k (it can't see particles which aren't there)

First is is a binomial distribution; Binom(n, p); second is poisson (given)
(o]

soP(X=k) = Z (Z) p*(1 — p)n_ke_’lil—r!l

k=0

)L QPRI B
= ; (n—k)!

lettingm = n k

L (Ap)k Z aa-p)™

(doing some algebra)

(m)!
A
= e‘l% e*1=P) (taylor series)
o1 D)
k!

SO:
X ~ Poisson(Ap)

This makes sense, that the three counting assumptions for the poisson distribution still hold

Distibution of a sum of random variables: (arithmetricies of RV)

If X and Y are jointly distributed Z* valued RV’s; then Z = X + Y is also a Z* valued RV, and for n €
AR

Pmf of Z:

Pz(n) =P(Z=n)

ZP(X kY =n—k)

Z pxy(k,n — k)

If X and Y are independent; then:

P = > px(Opy(n— 10
k=0
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Convolution:
pz is the convolution of py and py

bz = Px * Py

Example:

1. X ~ Binomial(m,p) is independent of Y ~ Binom(n — m, p)

Z=X+Y
It is clear that Z ~ Binom(n,p)
Formally:
[={0,..n}
l
m L m—-my ,_ (-
P(ZZI)ZZ(k)Pk(l—P)m k(l—k)pl k(l_p)n m—(l—k)
k=0 l
_ U1 _ yn=l mym-—m
=p(1-p) Z(k)(l—k)
s
:pl(l_p)n_l (l)
Proof that:

S

k=0

(1)

Combinatorics:
ny . .
(l) is the number of committees of [ students from a class of n
Suppose the class has m boys and n — m girls; then the same number can be counted as

l l
Z{number of committees with k boys} = z (T]?) (7; : ;{n)
k=0 k=0

Algebraic proof:
A+x)"=0A+x)"QA+x)»™™

consider the coefficient of x! on both sides

s =3); wis = (2) (12 7)

Example 2:

X ~ POisson(4); Y ~ POisson (y); whatisP(Z=X+Y)?
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n n e~ )k e—Vyk
P(Z=n)= ZPX(k)PY(”—k) = kK (n—k)!
k=0 k=0 -

Example 3
X ~ B(n,p);Y ~B(n—m,p)

We already saw X + Y ~ B(n,p), ut now condider the CONDITIONAL distribution of X, given
X+Y

Fork=0,..n

X ~ Poisson(A) andY ~ P(y); wesay X +Y ~ Po(A +y)

The conditional distribution of X is

e_Alk e—yyk

PX=kY=n—-k) "kl (n—k)!

PA=kx+Y=n)= PX+Y=n) e Y(QA+y)"
n!

A
— X ~ Binom (n, —)
A+y

Imagine the sources emitting particles at rates A and y

Expectation:

Definition
Def: the expected value, or expectation, of a discrete non-negative RV X is the weighted average
with range X(Q) = {x;} is given by:

EX) = Z x;p; (x;)

4

Well definied for positive and negative separately; not well definied for if it is positive and negative

Examples of particular kinds

Bernoulli:
X ~ Bernoulli(p)
EX)=01-p)+1(p) =p

Poisson
X ~ POisson(A)
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Binomial
=D k(R pm—p
k
< (n—1)! ) .
znpkzzl(k—1)![<n—1)—(k—1)]”k Ay
n-1
=np Z " Dpma - pyrm
m=1
=np(p+ (1 -p))
=np
Geometric:

ECO = ) k(1 =p)*1p
k=1

Consider the power series:

R 1
f(q)=kZOq"=m forlal <1

A power series can be differentiaed term by term within its radius of convergence

S f'@=) kg* vge (1D
k=1

1
(1-¢)?

but '()—d( ! )
ut f q—dq -4
1 m
—)—_ Zzquk_l
1-q) =]

kqn—lp
~EX)=p —_—
kzzl(l —q)?

p
Negative binomial

r
E(X) =—
p
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