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Chapter 1: counting principles

1. Study of non-continuous maths

2. (eg, sequences, combinatorics, induction ect)
Eg: continuous function y = x?; has analogous sequences a,, = n?

N=1{012..}

For finite set X = {x;, x5 ... x,},|X| =n
The size (or cardinality) of X

Theorem: bijecetion principle
If 2 sets X and Y are a bijection; | X| = |Y|

3. Bijection is 1-1 correspondence, and is a way of associating to each element of X a
corresponding element of Y

Injective:
1-1: f: X > Yif f(xy) # f(xy) forx, =x,

Foreachy € Y, thereisatmost 1 x € X|f(x) =y

Surjective:
‘onto”: f: X = Y, if each value of Y is one of the values taken by the function (eg, if the
function mapsto all N, thenY = N

Bijective= surjective+injective

Sum principle
fX=AUBand ANB =0

|X| = |Al + |B|

Difference principle
ForanyA c X

|X\A| = |X]| — |A]

Preimage: f"1(y) == {x € X|f(x) = y}

XI= ) 1ol

YEY



Rounding notation:
[x] := x rounded up to nearest integer
|x] := x rounded down to nearest integer

|x] = x rounded (up or down)to nearest integer

x—1<|x]<x; x<|x]<x+1

Pigeonhole principle:

f:X > Y, theremustbeay€Y|

|X|

Il = Gl

Cartesian product:
XXY: ={(xy)|xeX yeY}

Product principle:
|[A| X |B| X |C| X ..=]AXBXC ...|
X" = 1x]"

Overcounting principle:
ff:X->Y,and |f1(y)|=m
then |Y| = —
m

Number of subsets of a set:
IfY cX={12,..n}
~ number of subsesY = 2"

Number of ordered selections (y; ... V%)

Injective functions
Is analogous to umber of injective functions

number of injective function'sfromX - Y is



mMn—-1Dn-2)+(n—k+1)
=n n ((-m)! = )

k= tn-r
Number of unordered selections:

!
= (i) = ! (nn— K)!

Binomial theorem:

n

(a+b)" = z (Z) a™ kpk

k=0

Proof: (a+ b)" = (a+ b)(a+ b) ...(a+ b) (ntimes)
timesing everything together with the distributive law will get multiples of a™ *b* '

Eg: aababbb ... ba ect

number of ways to choose where b sits from n places is (Z)

Properties:

Multinomial coefficients:
Let X be a set with |X| =n,andny,n, ..n,, EN|Xn; =n

let (711,112’113 nm) = the number of ways of choosing subsets A, ...Ap,



From X; |A;| = n;; X = A; U A, ...U A, (disjoint union)

(02 5
Ny, N, N3 ... Ny n!nyIngl..ny,!

Proof: if XliesonalineX =1,2..n
number of permuations of X = n!
if we were to choose the first n, to be in A;, the net nyto be in A,ect

then the number of ways to rearagne X ino subsets A; (Where the subset A; then stays the same)
n!

nyiny!..ny,!

Eg: if there were 12 balls, and we wanted to divide them into 4 jars, of 2,3,5 and 2 balls in

each respectively. Number of ways this can be done is (2 ;25 2)

Multinomial theorem:
n n n n
(a, +a, + - +ay,)" = Z (Tll,nz,n:g ___nm) a,'a,” ..a,™
n1+n2+"'+nm:n

Proof analogous to binomial theorem:

Multinomial and binomial link:

(ny, o )
ny,Nny, N3 ... Ny

() Co)- G =T &1

Unordered selections with repetition

The number of unordered selections with repetition is:

(n+ll§—1)



Proof: having chosen elements of each type in a row: eg type 1, type 2.. type n (where t; +
to+-+t,=k)

We can separate these groups of each type with n — 1 lines
Total objects=n+k —1

n+ll§—1)

Eg: the number of ways to give 3 identical boxes to 5 people, and each person can get

multiple boxes:
=("37H=0)

Number of ways to choose placemet of each object is (

Inclusion/ exlusion principle:

|AUB|=|A|+|B|—|ANBj
JAUBUC|=|A|+|B|+I|C]|—|AnB|—]|AnC|—|BnC|+|AnBnNC|

Ect:

|A; UA, U ..UA,]|
=4l = XA n A + 3|4 n 4 0 Ag| — -
+ (D" IY|A, N4, N .. NA,

n

n
2 |A{UA, UL UA,| = Z [(—1)’<-1 Z |4, NA;, n..n 4,
k=1

il,iz,i3 ...in=1

Proof: suppose [ is the subset I = {1,2,3 ...n},of each x € A;
Then 4;, N A;, N ... A;, contains x if f (iy, iz, 13 ... I € I). So, for each k, x is counted (lllcl)
So the total number on the RHS = LI|=1 (lllcl) (D1 =1

~ RHS = LHS

Eg: how many numbers from 1-1000 are divisible by 2,3 and 5 (note need to divide by
lowest common multiple)



llOOOJ llOOOJ llOOOJ llOOOJ llOOOJ llOOOJ llOOO

Dearangements of a set:
Eg: there area n guys, with n hats what is the number of ways no one gets the correct hat?

.. n!
(answer is integer closest to ;)

A derangement of {1,2, ...n} is a permutation of f:{1..n} - {1..n}
| f(x) # 0 Vi

Number of derangements:

n
# derangements of a set = Z(—l)kk—
k=0

Proof: the number of not derangements:

A; = {permutations of f|f(i) = i}
~ set of not derangements is (A; UA, U ...UA,)

inclusion |A U UA | ( 0!
—: |4; |l =((n—=k)!
Y exclusion h te

~|A;U..UA,| = Zn:(—l)"‘l (Z) (n—k)!
k=1

~ number of derangements:
n

S

k=0

(eg: how many ways are there to send 4 notes to 4 people, so that no one gets the letter
intended for them?)

4

z )’<4' 41 41 41 41 4l

TR TR TRRETRT
k=



Number of surjective functions:

number of surjective functions from |X| =m,|Y| =k
# surjective f: X - Y

k
= > (Y w-om
i=0

Proof: A; = {f: X - Y|f(x;) =i Vx € X}
x={1.m}Y ={1..k}
~ number of non surjective functions = |A; U A, ... Ay|

- i(—l)f-l () a—pm

j=1
k

~ number of surjecve functions = k™ — 2(—1)1"1 (f) (k—jm

j=1
= Z(—l)f (§) ce =i

Eg: how many ways is there to arrange 5 students to 3 teachers, so that each teacher has at
least 1 student:

3
= > 0 (3)3-0° =39 -3 +3(1)° - 0
i=0

Stirling numbers
Forn, k € N,

S(n, k)

Is the number of ways to write X = {1 ...n} as a disjoint union of k non-empty subsets. The
number of partitions of {1..n} into k blocks.

Note:

Sh.n)=1
SM0)=0 (n=1)

S(n,2) =2"1—1
S(n,n—1) = (721)



S(nk)=S(n—1,k—1)+kS(n—1,k)

Proof: for X = {1 ...n} we can set n by itself:
i o] el i In=S(n — 1,k — 1) ways to partitionn — 1 into k — 1 blocks

Or: into a set in a set with other elements:

e e ]
=kS(n—1,k) (partitioning n
— 1 into k blocks,and k selections of where n could have gone)

1 1

2 1 1

3 1 4 1
m 4 1 11 11 1

] 1 26 6 26 1

f 1 57 302 302 57 1

7 1120 11%1 2416 1121 120 1
THeorum:

Number of surjective functions
if IX|=m;|Y] =k
number of surjective functions f: X =Y

= k! S(m, k)

Proof:

(blob diagrams): the preimages of Y form a partition of X and are disjoint (to be a function)
by definition, number of ways for this partition is S(m, k)

then k! ways to arrange partitions

~k'S(m, k)

Eg: arrange 5 students into 3 tutors:



