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Chapter 1: counting principles 
 

1. Study of non-continuous maths 

2. (eg, sequences, combinatorics, induction ect) 

Eg: continuous function 𝑦 = 𝑥2; has analogous sequences 𝑎𝑛 = 𝑛2 

ℕ = {0,1,2 … } 

 

For finite set 𝑋 = {𝑥1, 𝑥2 … 𝑥𝑛}, |𝑋| = 𝑛 

The size (or cardinality) of 𝑋 

Theorem: bijecetion principle 
If 2 sets 𝑋 and 𝑌 are a bijection; |𝑋| = |𝑌| 

3. Bijection is 1-1 correspondence, and is a way of associating to each element of 𝑋 a 

corresponding element of 𝑌 

Injective: 
1-1: 𝑓: 𝑋 → 𝑌 if 𝑓(𝑥1) ≠ 𝑓(𝑥2)  𝑓𝑜𝑟 𝑥1 = 𝑥2 

For each 𝑦 ∈ 𝑌, there is at most 1 𝑥 ∈ 𝑋|𝑓(𝑥) = 𝑦 

Surjective: 
‘onto’: 𝑓: 𝑋 → 𝑌, if each value of 𝑌 is one of the values taken by the function (eg, if the 

function maps to all ℕ, then 𝑌 = ℕ 

Bijective= surjective+injective  

Sum principle 
If 𝑋 = 𝐴 ∪ 𝐵 𝑎𝑛𝑑 𝐴 ∩ 𝐵 = ∅ 

|𝑋| = |𝐴| + |𝐵| 

Difference principle 
For any 𝐴 ⊂ 𝑋 

|𝑋\𝐴| = |𝑋| − |𝐴| 

 

Preimage: 𝑓−1(𝑦) ≔ {𝑥 ∈ 𝑋|𝑓(𝑥) = 𝑦} 

|𝑋| =  ∑|𝑓−1(𝑦)|

𝑦∈𝑌

 

 



Rounding notation: 
⌈𝑥⌉ ≔ 𝑥 𝑟𝑜𝑢𝑛𝑑𝑒𝑑 𝑢𝑝 𝑡𝑜 𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
⌊𝑥⌋ ≔ 𝑥 𝑟𝑜𝑢𝑛𝑑𝑒𝑑 𝑑𝑜𝑤𝑛 𝑡𝑜 𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

⌊𝑥⌉ = 𝑥 𝑟𝑜𝑢𝑛𝑑𝑒𝑑 (𝑢𝑝 𝑜𝑟 𝑑𝑜𝑤𝑛)𝑡𝑜 𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

 

𝑥 − 1 < ⌊𝑥⌋ ≤ 𝑥;    𝑥 ≤ ⌊𝑥⌋ < 𝑥 + 1 

Pigeonhole principle: 
𝑓: 𝑋 → 𝑌, 𝑡ℎ𝑒𝑟𝑒 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑎 𝑦 ∈ 𝑌| 

|𝑓−1(𝑦)| ≥ ⌈
|𝑋|

|𝑌|
⌉ 

 

 

Cartesian product: 
𝑋 × 𝑌 ≔ {(𝑥, 𝑦)|𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌} 

 

Product principle: 
|𝐴| × |𝐵| × |𝐶| × … = |𝐴 × 𝐵 × 𝐶 … | 
|𝑋𝑛| = |𝑋|𝑛 

Overcounting principle: 
If 𝑓: 𝑋 → 𝑌, 𝑎𝑛𝑑 |𝑓−1(𝑦)| = 𝑚 

𝑡ℎ𝑒𝑛 |𝑌| =
|𝑋|

𝑚
 

 

 

Number of subsets of a set: 
If 𝑌 ⊂ 𝑋 = {1,2, … 𝑛} 

∴ 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑏𝑠𝑒𝑠 𝑌 = 2𝑛 

Number of ordered selections (𝑦1 … 𝑦𝑘) 
Injective functions 

Is analogous to umber of injective functions 

 

𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛′𝑠𝑓𝑟𝑜𝑚 𝑋 → 𝑌 𝑖𝑠 

 



(𝑛)(𝑛 − 1)(𝑛 − 2) + (𝑛 − 𝑘 + 1) 

= 𝒏𝒌 =
𝑛!

(𝑛−𝑘)!
  ((−𝑚)! = ∞)   

 

Number of unordered selections: 
 

= (
𝑛
𝑘

) =
𝑛!

𝑘! (𝑛 − 𝑘)!
 

 

Binomial theorem: 

(𝑎 + 𝑏)𝑛 = ∑ (
𝑛
𝑘

) 𝑎𝑛−𝑘𝑏𝑘

𝑛

𝑘=0

 

 

Proof: (𝑎 + 𝑏)𝑛 = (𝑎 + 𝑏)(𝑎 + 𝑏) … (𝑎 + 𝑏)  (𝑛 𝑡𝑖𝑚𝑒𝑠) 

𝑡𝑖𝑚𝑒𝑠𝑖𝑛𝑔 𝑒𝑣𝑒𝑟𝑦𝑡ℎ𝑖𝑛𝑔 𝑡𝑜𝑔𝑒𝑡ℎ𝑒𝑟 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝑙𝑎𝑤 𝑤𝑖𝑙𝑙 𝑔𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒𝑠 𝑜𝑓 𝑎𝑛−𝑘𝑏𝑘 ′  

Eg: 𝑎𝑎𝑏𝑎𝑏𝑏𝑏 … 𝑏𝑎 𝑒𝑐𝑡 

𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑡𝑜 𝑐ℎ𝑜𝑜𝑠𝑒 𝑤ℎ𝑒𝑟𝑒 𝑏 𝑠𝑖𝑡𝑠 𝑓𝑟𝑜𝑚 𝑛 𝑝𝑙𝑎𝑐𝑒𝑠 𝑖𝑠 (
𝑛
𝑘

) 

 

Properties: 

(
𝑛
𝑘

) = (
𝑛 − 1
𝑘 − 1

) + (
𝑛 − 1

𝑘
) 

∑ (
𝑛
𝑘

)

𝑛

𝑛=0

= 2𝑛 

∑(−1)𝑘 (
𝑛
𝑘

)

𝑛

𝑘=0

=  {
0 𝑛 ≥ 1
1 𝑛 = 0

 

∑ (
𝑛
𝑘

)
2

𝑛

𝑘=0

= ((
2𝑛
𝑛

)  

 

 

Multinomial coefficients: 
Let X be a set with |𝑋| = 𝑛, and 𝑛1, 𝑛2 … 𝑛𝑚 ∈ ℕ| ∑ 𝑛𝑖 = 𝑛 

𝑙𝑒𝑡 (
𝑛

𝑛1, 𝑛2, 𝑛3 … 𝑛𝑚
) = 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑜𝑓 𝑐ℎ𝑜𝑜𝑠𝑖𝑛𝑔 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝐴1 … 𝐴𝑚 



 

From 𝑋; |𝐴𝑖| = 𝑛𝑖; 𝑋 = 𝐴1 ∪ 𝐴2 … ∪ 𝐴𝑚 (𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑢𝑛𝑖𝑜𝑛) 

(
𝑛

𝑛1, 𝑛2, 𝑛3 … 𝑛𝑚
) =

𝑛!

𝑛1! 𝑛2! 𝑛3! … 𝑛𝑚!
 

 

Proof: if X lies on a line 𝑋 = 1,2 … 𝑛  

𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑋 = 𝑛! 

𝑖𝑓 𝑤𝑒 𝑤𝑒𝑟𝑒 𝑡𝑜 𝑐ℎ𝑜𝑜𝑠𝑒 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑛1 𝑡𝑜 𝑏𝑒 𝑖𝑛 𝐴1, 𝑡ℎ𝑒 𝑛𝑒𝑡 𝑛2𝑡𝑜 𝑏𝑒 𝑖𝑛 𝐴2𝑒𝑐𝑡 

𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑡𝑜 𝑟𝑒𝑎𝑟𝑎𝑔𝑛𝑒 𝑋 𝑖𝑛𝑜 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝐴𝑖  (𝑤ℎ𝑒𝑟𝑒 𝑡ℎ𝑒 𝑠𝑢𝑏𝑠𝑒𝑡 𝐴𝑖  𝑡ℎ𝑒𝑛 𝑠𝑡𝑎𝑦𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒) 

=
𝑛!

𝑛1! 𝑛2! … 𝑛𝑚!
 

 

Eg: if there were 12 balls, and we wanted to divide them into 4 jars, of 2,3,5 and 2 balls in 

each respectively. Number of ways this can be done is (
12

2,3,5,2
) 

 

Multinomial theorem: 

(𝑎1 + 𝑎2 + ⋯ + 𝑎𝑚)𝑛 = ∑ (
𝑛

𝑛1, 𝑛2, 𝑛3 … 𝑛𝑚
) 𝑎1

𝑛1𝑎2
𝑛2 … 𝑎𝑛

𝑛𝑚

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛

 

 

Proof analogous to binomial theorem:  

 

Multinomial and binomial link: 

(
𝑛

𝑛1, 𝑛2, 𝑛3 … 𝑛𝑚
) = (

𝑛
𝑛𝑚

) (
𝑛 − 𝑛𝑚

𝑛𝑚−1
) … (

𝑛1

𝑛1
) = ∏ (

∑ 𝑘𝑗

𝑖

𝑗=1

𝑘𝑖

)

𝑚

𝑖=1

 

 

Unordered selections with repetition 
 

The number of unordered selections with repetition is: 

(
𝑛 + 𝑘 − 1

𝑘
) 

 



Proof: having chosen elements of each type in a row: eg type 1, type 2.. type n  (where 𝑡1 +

𝑡2 + ⋯ + 𝑡𝑛 = 𝑘) 

We can separate these groups of each type with 𝑛 − 1 lines 

Total objects= 𝑛 + 𝑘 − 1 

Number of ways to choose placemet of each object is (
𝑛 + 𝑘 − 1

𝑘
) 

Eg: the number of ways to give 3 identical boxes to 5 people, and each person can get 

multiple boxes: 

= (
3 + 5 − 1

3
) = (

7
3

) 

 

Inclusion/ exlusion principle: 
 

|𝐴 ∪ 𝐵| = |𝐴| + |𝐵| − |𝐴 ∩ 𝐵| 

|𝐴 ∪ 𝐵 ∪ 𝐶| = |𝐴| + |𝐵| + |𝐶| − |𝐴 ∩ 𝐵| − |𝐴 ∩ 𝐶| − |𝐵 ∩ 𝐶| + |𝐴 ∩ 𝐵 ∩ 𝐶| 

 

Ect: 

|𝐴1 ∪ 𝐴2 ∪ … ∪ 𝐴𝑛|

= ∑|𝐴𝑖| − ∑|𝐴𝑖 ∩ 𝐴𝑗| + ∑|𝐴𝑖 ∩ 𝐴𝑗 ∩ 𝐴𝑘| − ⋯

+ (−1)𝑛−1∑|𝐴1 ∩ 𝐴2 ∩ … ∩ 𝐴𝑛| 

 

∴ |𝐴1 ∪ 𝐴2 ∪ … ∪ 𝐴𝑛| = ∑ [(−1)𝑘−1 ∑ |𝐴𝑖1
∩ 𝐴𝑖2

∩ … ∩ 𝐴𝑖𝑛
|

𝑛

𝑖1,𝑖2,𝑖3…𝑖𝑛=1

 ]

𝑛

𝑘=1

 

 

Proof: suppose 𝐼 is the subset 𝐼 = {1,2,3 … 𝑛}, 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑥 ∈ 𝐴𝑖  

Then 𝐴𝑖1
∩ 𝐴𝑖2

∩ … 𝐴𝑖𝑘
 contains 𝑥 𝑖𝑓𝑓  (𝑖1, 𝑖2, 𝑖3 … 𝑖𝑘 ∈ 𝐼). So, for each 𝑘, x is counted (

|𝐼|
𝑘

) 

So the total number on the RHS = ∑ (
|𝐼|
𝑘

) (−1)𝑘−1|𝐼|
𝑘=1 = 1 

∴ 𝑅𝐻𝑆 = 𝐿𝐻𝑆 

 

Eg: how many numbers from 1-1000 are divisible by 2,3 and 5  (note need to divide by 

lowest common multiple) 



# = ⌊
1000

2
⌋ + ⌊

1000

3
⌋ + ⌊

1000

5
⌋ − ⌊

1000

6
⌋ − ⌊

1000

10
⌋ − ⌊

1000

15
⌋ + ⌊

1000

30
⌋ 

 

Dearangements of a set: 
Eg: there area n guys, with n hats what is the number of ways no one gets the correct hat? 

(answer is integer closest to 
𝑛!

𝑒
) 

 

A derangement of {1,2, … 𝑛} 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓: {1 … 𝑛} → {1 … 𝑛} 

| 𝑓(𝑥𝑖) ≠ 𝑖  ∀𝑖 

 

Number of derangements: 

# 𝑑𝑒𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝑎 𝑠𝑒𝑡 = ∑(−1)𝑘
𝑛!

𝑘!
 

𝑛

𝑘=0

 

 

Proof:  the number of not derangements:  

𝐴𝑖 = {𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑓|𝑓(𝑖) = 𝑖}  

∴ 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑜𝑡 𝑑𝑒𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑠 (𝐴1 ∪ 𝐴2 ∪ … ∪ 𝐴𝑛) 

 

𝑏𝑦
𝑖𝑛𝑐𝑙𝑢𝑠𝑖𝑜𝑛

𝑒𝑥𝑐𝑙𝑢𝑠𝑖𝑜𝑛
:  |𝐴𝑖1 ∪ … ∪ 𝐴𝑖𝑘

| = (𝑛 − 𝑘)! 

∴ |𝐴1 ∪ … ∪ 𝐴𝑛| = ∑(−1)𝑘−1 (
𝑛
𝑘

) (𝑛 − 𝑘)! 

𝑛

𝑘=1

 

∴ 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑒𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡𝑠: 

∑(−1)𝑘
𝑛!

𝑘!
 

𝑛

𝑘=0

 

 

(eg: how many ways are there to send 4 notes to 4 people, so that no one gets the letter 

intended for them?)  

= ∑
(−1)𝑘4!

𝑘!

4

𝑘=0

=
4!

0!
−

4!

1!
+

4!

2!
−

4!

3!
+

4!

4!
 



Number of surjective functions: 
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑟𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑓𝑟𝑜𝑚 |𝑋| = 𝑚, |𝑌| = 𝑘 

# 𝑠𝑢𝑟𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓: 𝑋 → 𝑌 

= ∑(−1)𝑖 (
𝑘
𝑖

) (𝑘 − 𝑖)𝑚

𝑘

𝑖=0

 

 

Proof: 𝐴𝑖 = {𝑓: 𝑋 → 𝑌|𝑓(𝑥𝑖) = 𝑖 ∀𝑥 ∈ 𝑋}  

𝑥 = {1. . 𝑚}; 𝑌 = {1 … 𝑘} 

∴ 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑛 𝑠𝑢𝑟𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 = |𝐴1 ∪ 𝐴2 … 𝐴𝑘| 

= ∑(−1)𝑗−1 (
𝑘
𝑗

) (𝑘 − 𝑗)𝑚

𝑘

𝑗=1

 

∴ 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑟𝑗𝑒𝑐𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 = 𝑘𝑚 − ∑(−1)𝑗−1 (
𝑘
𝑗

) (𝑘 − 𝑗)𝑚

𝑘

𝑗=1

 

= ∑(−1)𝑗 (
𝑘
𝑗

) (𝑘 − 𝑗)𝑚

𝑘

𝑗=0

 

Eg: how many ways is there to arrange 5 students to 3 teachers, so that each teacher has at 

least 1 student: 

 

= ∑(−1)𝑖 (
3
𝑖

) (3 − 𝑖)5

3

𝑖=0

= (35) − 3(2)5 + 3(1)5 − 0 

 

 

Stirling numbers 
For 𝑛, 𝑘 ∈ ℕ,  

𝑆(𝑛, 𝑘) 

Is the number of ways to write 𝑋 = {1 … 𝑛} as a disjoint union of 𝑘 non-empty subsets. The 

number of partitions of {1. . 𝑛} into 𝑘 blocks. 

 

Note:  

𝑆(𝑛. 𝑛) = 1 

𝑆(𝑛, 0) = 0  (𝑛 ≥ 1) 

𝑆(𝑛, 2) = 2𝑛−1 − 1 

𝑆(𝑛, 𝑛 − 1) = (
𝑛
2

) 



 

𝑆(𝑛, 𝑘) = 𝑆(𝑛 − 1, 𝑘 − 1) + 𝑘𝑆(𝑛 − 1, 𝑘) 

 

Proof: for 𝑋 = {1 … 𝑛} we can set 𝑛 by itself:   

… | … | … |… … … . . |𝑛 = 𝑆(𝑛 − 1, 𝑘 − 1) 𝑤𝑎𝑦𝑠 𝑡𝑜 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑛 − 1 𝑖𝑛𝑡𝑜 𝑘 − 1 𝑏𝑙𝑜𝑐𝑘𝑠 

Or: into a set in a set with other elements: 

… | … | … 𝑛 … | …  

= 𝑘𝑆(𝑛 − 1, 𝑘)  (𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑖𝑛𝑔 𝑛

− 1 𝑖𝑛𝑡𝑜 𝑘 𝑏𝑙𝑜𝑐𝑘𝑠, 𝑎𝑛𝑑 𝑘 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑤ℎ𝑒𝑟𝑒 𝑛 𝑐𝑜𝑢𝑙𝑑 ℎ𝑎𝑣𝑒 𝑔𝑜𝑛𝑒) 

 

 

 

THeorum:  

Number of surjective functions 
𝑖𝑓 |𝑋| = 𝑚; |𝑌| = 𝑘 

𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑟𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑓: 𝑋 → 𝑌  

 

= 𝑘! 𝑆(𝑚, 𝑘) 

 

Proof:  

(𝑏𝑙𝑜𝑏 𝑑𝑖𝑎𝑔𝑟𝑎𝑚𝑠):  𝑡ℎ𝑒 𝑝𝑟𝑒𝑖𝑚𝑎𝑔𝑒𝑠 𝑜𝑓 𝑌 𝑓𝑜𝑟𝑚 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋 𝑎𝑛𝑑 𝑎𝑟𝑒 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 (𝑡𝑜 𝑏𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛) 

𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛, 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑓𝑜𝑟 𝑡ℎ𝑖𝑠 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑆(𝑚, 𝑘) 

𝑡ℎ𝑒𝑛 𝑘! 𝑤𝑎𝑦𝑠 𝑡𝑜 𝑎𝑟𝑟𝑎𝑛𝑔𝑒 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛𝑠 

∴ 𝑘! 𝑆(𝑚, 𝑘) 

 

Eg: arrange 5 students into 3 tutors: 


