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Topic 1: Introduction to Derivatives and Futures Market 

Derivatives Definition A derivatives security is an instrument (or contract) whose 
payoff and, thus, value depends on the values (or, prices) of one 
(or, more) other variables (referred to as the underlying assets). 
Such security derives its value from the value of other assets. 

Types of UA Commodities, Stocks, bonds, currencies, interest rates, live 
cattle, weather etc.  

Types of 
Derivatives 

• Futures and Forwards Contracts 
• Standard (or, Plain Vanilla) Options 

Trading 
Methods 

Derivatives can be traded on exchange or over-the-counter 
(OTC). Products and trading terms on exchange are more 
standardized carrying virtually no risks. On the other hand, OTC 
market is relative unregulated. Contracts traded OTC offers more 
flexibility which unfortunately carries higher credit risk.  

Types of Trader Hedgers Hedgers use futures, forwards, and options to reduce the risk 
they face from potential future movements in the spot market.  

Speculators Speculators use derivatives to bet on the future direction of a 
market variable. 

Arbitrageurs Arbitrageurs take offsetting positions in two or more 
instruments to lock in a profit. 

Futures A futures contract is an agreement to buy or sell an asset at a certain time in the 
future for a certain price. 
All futures contracts are traded on exchange which offers a range of delivery 
date (usually specified to months) and settled daily. 
Contracts 
specification 

1. The underlying asset 
2. The contract size 
3. The delivery arrangement (where/ how)  
4. The delivery months 
5. The delivery price  
6. Position limits  

Exchange 
Trading 

The contract between the two parties (long and short position) is replaced with 
separate contracts with an intermediary (clearinghouse). The clearinghouse is 
both long and short. The main purpose of this system is to monitor credit risk. 
Opening 
Positions 

• To open a position you call your broker to enter into the 
contract via an online trading account. Contracts are 
referred to by their delivery month.   

• No initial payment, except bid-ask spreads, margins and 
commissions. Price agreed upon today is the price at 
which transactions will take place in the future. 

• Buyer pays the seller the futures price and seller 
delivers the asset (If the delivery ultimately took place). 

Closing Out 
Positions 

• Traders have the option to either take delivery or take a 
reverse position of the same contracts to close out.  

• Most contracts don’t lead to delivery (less than 2%) 
This is because 1). It is inconvenient and expensive to have a 
physical delivery (transportation, storage cost etc.), they are 
better off purchasing at the spot market. 2). They don’t 
necessarily need the underlying assets. (Speculators, arbitragers) 

• Profit or loss is determined by the change in the futures 
price between opening and closing date of the position. 

Delivery The alternatives about how and where the UA is delivered are 
chosen by the short position → more rights means lower price  
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Vertical Spreads 
Bull Spread 
 

Construct 
(Using calls) 

Buy a call with low strike price(𝐾1), sell a call with a high strike 
price(𝐾2), same maturity (𝑇) → 𝑐1 > 𝑐2 

Construct 
(Using puts) 

Buy a put with low strike price(𝐾1), sell a put with a high strike 
price(𝐾2), same maturity (𝑇) → 𝑝1 < 𝑝2 

Features Limited Upside potential & downside risk 
Expectation Expect Price to increase 

Payoff Table -- Using Calls 
 𝑡 = 0 𝑡 = 𝑇 

  𝑆𝑇 ≤ 𝐾1 𝐾1 < 𝑆𝑇 ≤ 𝐾2 𝑆𝑇 > 𝐾2 
Long 𝐾1 call −𝑐1 0 𝑆𝑇 − 𝐾1 𝑆𝑇 − 𝐾1 
Short 𝐾2 call +𝑐2 0 0 −(𝑆𝑇 − 𝐾2) 
Payoff   0 𝑆𝑇 − 𝐾1 𝐾2 − 𝐾1 
Profit   −𝑐1 + 𝑐2 −𝑐1 + 𝑐2 + 𝑆𝑇 − 𝐾1 −𝑐1 + 𝑐2 + 𝐾2 − 𝐾1 
 

Payoff Table -- Using Puts 
 𝑡 = 0 𝑡 = 𝑇 
  𝑆𝑇 ≤ 𝐾1 𝐾1 < 𝑆𝑇 ≤ 𝐾2 𝑆𝑇 > 𝐾2 
Long 𝐾1 put −𝑝1 𝐾1 − 𝑆𝑇 0 0 
Short 𝐾2 put +𝑝2 −(𝐾2 − 𝑆𝑇) −(𝐾2 − 𝑆𝑇) 0 
Payoff   𝐾1 − 𝐾2 𝑆𝑇 − 𝐾2 0 
Profit   −𝑝1 + 𝑝2 + 𝐾1 − 𝐾2 −𝑝1 + 𝑝2 + 𝑆𝑇 − 𝐾2 −𝑝1 + 𝑝2 

 
Using Calls                                                  Using Puts 

Bear Spread Construct 
(Using calls) 

Buy a call with high strike price(𝐾2), sell a call with a low strike 
price(𝐾1), same maturity (𝑇) → 𝑐1 > 𝑐2 

Construct 
(Using puts) 

Buy a put with high strike price(𝐾2), sell a put with a low strike 
price(𝐾1), same maturity (𝑇) → 𝑝1 < 𝑝2 

Features Limited Upside potential & downside risk 
Expectation Expect Price to decrease 

Payoff Table -- Using Calls 
 𝑡 = 0 𝑡 = 𝑇 
  𝑆𝑇 ≤ 𝐾1 𝐾1 < 𝑆𝑇 ≤ 𝐾2 𝑆𝑇 > 𝐾2 

Long 𝐾2 call −𝑐2 0 0 𝑆𝑇 − 𝐾2 
Short 𝐾1call +𝑐1 0 −(𝑆𝑇 − 𝐾1) −(𝑆𝑇 − 𝐾1) 
Payoff  0 𝐾1 − 𝑆𝑇 𝐾1 − 𝐾2 
Profit  −𝑐2 + 𝑐1 −𝑐2 + 𝑐1 + 𝐾1 − 𝑆𝑇 −𝑐2 + 𝑐1 + 𝐾1 − 𝐾2 
 

Payoff Table -- Using Puts 
 𝑡 = 0 𝑡 = 𝑇 
  𝑆𝑇 ≤ 𝐾1 𝐾1 < 𝑆𝑇 ≤ 𝐾2 𝑆𝑇 > 𝐾2 

Long 𝐾2 put −𝑝2 𝐾2 − 𝑆𝑇 𝐾2 − 𝑆𝑇 0 
Short 𝐾1 put +𝑝1 −(𝐾1 − 𝑆𝑇) 0 0 
Payoff  𝐾2 − 𝐾1 𝐾2−𝑆𝑇 0 
Profit  −𝑝2 + 𝑝1 + 𝐾2 − 𝐾1 −𝑝2 + 𝑝1 + 𝐾2−𝑆𝑇 −𝑝2 + 𝑝1 
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No-arbitrage Argument 
Intuition Create a riskless portfolio by longing delta stocks and shorting one option (or 

shorting delta stocks and longing one stock) 

 
We need to work out what delta is in order to form this risk-free portfolio.  

Formulas ∆ 𝑑𝑒𝑙𝑡𝑎 ∆𝑆𝑢 − 𝑓𝑢 = ∆𝑆𝑑 − 𝑓𝑑 

∆=
𝑓𝑢 − 𝑓𝑑

𝑆𝑢 − 𝑆𝑑
 

Option price ∆𝑆 − 𝑓 = (∆𝑆𝑢 − 𝑓𝑢)𝑒−𝑟∆𝑡 = (∆𝑆𝑑 − 𝑓𝑑)𝑒−𝑟∆𝑡 
𝑓 = ∆𝑆 − (∆𝑆𝑢 − 𝑓𝑢)𝑒−𝑟∆𝑡 

𝑜𝑟  = ∆𝑆 − (∆𝑆𝑑 − 𝑓𝑑)𝑒−𝑟∆𝑡 
Steps 1. Sketch tree diagram 

2. Calculate payoff at time T 
3. Find ∆, delta can be positive or negative 

Positive means buying stock, negative means selling stock 
4. Calculate option price 𝑓 

Step 3 & 4 Put:  
Step 3 
Consider a portfolio of −∆: 𝑠ℎ𝑎𝑟𝑒𝑠   𝑎𝑛𝑑     + 1: 𝑜𝑝𝑡𝑖𝑜𝑛 → −∆𝑆 + 𝑓 
If the stock price goes up, the portfolio would be −∆𝑆𝑢 + 𝑓𝑢; if the stock price 
goes down, the portfolio would be −∆𝑆𝑑 + 𝑓𝑑  
If −∆𝑆𝑢 + 𝑓𝑢 = −∆𝑆𝑑 + 𝑓𝑑 then ∆ would be …  
Step 4 
The value of the portfolio is certain to be −∆𝑆𝑢 + 𝑓𝑢. For this value of portfolio 
is therefore riskless.  
The current value of the portfolio is −∆𝑆 + 𝑓, where f is the value of the option. 
Since the portfolio must earn risk-free rate of interest,  

(−∆𝑆 + 𝑓)𝑒𝑟𝑇 = −∆𝑆𝑢 + 𝑓𝑢 
Call 
Step 3 
Consider a portfolio of +∆: 𝑠ℎ𝑎𝑟𝑒𝑠   𝑎𝑛𝑑  − 1: 𝑜𝑝𝑡𝑖𝑜𝑛  → ∆𝑆 − 𝑓  
If the stock price goes up, the portfolio would be ∆𝑆𝑢 − 𝑓𝑢; if the stock price 
goes down, the portfolio would be ∆𝑆𝑑 − 𝑓𝑑  
If ∆𝑆𝑢 − 𝑓𝑢 = ∆𝑆𝑑 − 𝑓𝑑 then ∆ would be …  
Step 4 
The value of the portfolio is certain to be ∆𝑆𝑢 − 𝑓𝑢. For this value of portfolio is 
therefore riskless.  
The current value of the portfolio is ∆𝑆 − 𝑓  where f is the value of the option. 
Since the portfolio must earn risk-free rate of interest,  

(∆𝑆 − 𝑓)𝑒𝑟𝑇 = ∆𝑆𝑢 − 𝑓𝑢 
Option arbitrage  Step 1: use no-arbitrage argument to calculate ∆ and option price  

Step2: For call: 𝐶 = ∆𝑆 − 𝐵  → long call = long ∆ shares, short bond  
            For put: 𝑃 = ∆𝑆 + 𝐵  → long put = long ∆ share, buy bond (∆ for put 
are all negative → short share) 
present value of bonds = difference between net profit at t=0 

Note:   
1. If there is no specification in the questions, risk-neutral argument is easier. 
2. Questions with dividend yield can’t be calculate using no-arbitrage argument 

∆𝑆 − 𝑓 
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Delta-
Gamma 
Neutral 

Unlike delta-neutral hedging which needs frequent rebalancing, delta-gamma 
neutral hedging takes the change induced by changing of delta into account which 
eliminates more risks. 
Since we need to achieve both delta neutral and gamma neutral, we need a second 
auxiliary option to hedge the position 

{
∆𝑝= 𝑛𝑠∆𝑠 + 𝑛1∆1 + 𝑛2∆2= 0

Γ𝑝 = 𝑛1Γ1 + 𝑛2Γ2 = 0  

Note: 𝛤𝑠= 0, ∆𝑠 = 1 
Theta Definition It measures the rate of change of the value of the option with respect 

to the passage of time. 
Formula 

Θ(call) = {−
S0

2√2πT
σe−qT−d1

2/2 + qS0N(d1)e−qT − rKe−rTN(d2)}/(# of days) 

Θ(put) = {−
S0

2√2πT
σe−qT−d1

2/2 − qS0N(d1)e−qT + rKe−rTN(d2)}/(# of days) 

Note: calendar day = 365, trading day = 252, theta is given in $/1 day 
Properties  1. Usually negative for options (Long position): as time to 

maturity decreases, option become less valuable. 
2. Theta is largest when the option is at the money (ATM) 
3. The closer to maturity date, more rapidly the change of theta 

Vega Definition It measures the rate of change of the value of the option with respect 
to the change of volatility. 

Formula 𝜈(𝑐𝑎𝑙𝑙 𝑎𝑛𝑑 𝑝𝑢𝑡) =
𝑆0

√2𝜋
√𝑇e−qT−d1

2/2 

Note: Vega is in terms of $/1% change in vol 
Properties 1. Vega is always positive for long position and negative for 

short position (both call and out) 
2. Vega is largest when the option is at the money (ATM) 

Rho Definition It measures the rate of change of the value of the option with respect 
to the change of interest rate. 

Formula 𝜌(𝑐𝑎𝑙𝑙) = 𝐾𝑇𝑒−𝑟𝑇𝑁(𝑑2) 
𝜌(𝑝𝑢𝑡) = −𝐾𝑇𝑒−𝑟𝑇𝑁(−𝑑2) 

Note: Rho is in terms of $/1% change of r 
Properties In the case of currency options, two 𝜌’s exist corresponding to the two 

interest rates (foreign and domestic) 
Note: all these Greeks can be expressed as linear combinations to calculate the Creeks of the 
portfolio. E.g. If a portfolio contains option A and B, then delta of the portfolio is: 

∆𝑝= 𝑛𝐴∆𝐴 + 𝑛𝐵∆𝐵 
Interpret Delta When stock price increase by a small amount (say $1, from 𝑆0 to 𝑆0+1), 

the value of the position is expected to increase by $∆𝑝 (delta of the 
entire position), all other things equal. 

Gamma When stock price increase by a small amount (say $1, from 𝑆0 to 𝑆0+1), 
the delta of the position is expected to increase by $Γ𝑝, all else equal. 

Theta When a small amount of time passes (say for 1 calendar day), the value 
of the position is expected to increase by $Θ𝑝, all other things equal. 

Vega When volatility increases by 1% (from 𝑣0 to 𝑣0+1% ), the value of the 
position increase by 𝜐𝑝*1%, all else equal. 

Rho When interest rate increases by 1% (from 𝑟0 𝑡𝑜 𝑟0 + 1), the value of the 
position increases by 𝜌𝑝*1%, all else equal. 

 

 




