


MAST10006 Calculus 2  

MAST10006 Calculus 2
1 Limits and continuity

Limits
Continuity and differentiability

2 Hyperbolic functions
3 Complex numbers

Example: Express  in terms of .
Example: Express  as a sum of sines of multiples of .
Example: Express  as a sum of 
Example: Express  in powers of  only.
Example: Integration

Example: Differentiation; Find 
4 Integral calculus

Composition of hyperbolic and inverse hyperbolic functions (useful for hyperbolic 
substitution). 
Worked Example: [Trig substitution]

Extra content
Leibniz’s Rule (not on syllabus)
Integrating inverses of Function (not on syllabus)

5 First order linear differential equations
Application

6 Second order linear constant coefficient DEs
Derivation of the characteristic equation
Springs

7 Functions of two variables
Example: [Non-existence of multivariable limit]

Partial derivatives and tangent planes
Example: Implicit partial differentiation
Example: Implicit partial differentiation shortcut for one variable
Example: Implicit partial differentiation shortcut for two variables

Gradients and directional derivatives
Derivation of the directional derivative:
Proof: Gradient is perpendicular to level curves and surfaces

Stationary points
Example: Find and classify the stationary points of

Partial anti-derivatives and double integrals
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Limits
theorems  

Limit  iff 

Squeeze
theorem

If  for all  near  and  then 
.

L’Hopital’s
rule

Let  and  be differentiable functions, with  near a. Then 

Indeterminate
forms

Limit laws Provided  exist.

Limits and continuity

Addition

Scalar multiplication

Product

Quotient  (provided )

Constant

Power  (if  is a positive integer)

1 Limits and continuity  

Limits  

Note: The limit can exist even if  is undefined at .
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Limit evaluation
techniques Example

Algebraic simplification
by factoring

Rationalise numerator or
denominator using
conjugates

Trigonometric identities

Rational functions at
infinity

To compute  factor out the largest power of  in  from

both  and . In other words, divide by the highest power in the
denominator.

Combine Rational
Expressions

Rewrite as L'Hopital If in form  and  but , then rewrite as  and

apply L’Hopitals rule.

Indeterminate Product

When an indeterminate product  is reached, there is a simple manipulation that can be done:

 or 

Similar rearrangements can sometime also be used to evaluate the indeterminate difference . 
L’Hopital’s rule can often be used to complete such a limit.

Indeterminate Power

An indeterminate power is ︎, ︎ or ︎. In each of these cases, the logarithm may be taken.

 

Continuity and differentiability  
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Complex exponential form  

Euler’s formula

De Moivre's theorem

 in exponential form

 in exponential form

Connection to hyperbolic functions

Calculus of complex functions

Complex and imaginary parts  where  and 
 and 

Differentiating in the complex field

Differentiating the complex exponential

Integrating the complex exponential

Commutativity of imaginary and real
operators

 and 

 and 

3 Complex numbers  
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Example: Express  as a sum of sines of multiples of .  

Example: Express  as a sum of  

Example: Express  in powers of  only.  

Example: Integration  
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Integration Theorems  

Fundamental Theorem of Calculus

Integration by substitution

Trigonometric and Hyperbolic Substitutions Put . Then 

Integration by parts

Integration by parts (derivation)

Integration by Parts  

Integration by parts

Definite integral by
parts

Integrating by parts
twice

Sometimes, it is necessary to apply integration by parts twice, and
rearrange to find the original integral. Let  and 

LIATE rule for Logarithmic. Inverse functions. Algebraic. Trig. Exponential.
Generally, pick  to be simplest to differentiate, and  simplest to
integrate.

Integrating inverses
using integration by
parts

Let 

4 Integral calculus  
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Hyperbolic integrals

If  or  is odd, create a
"derivative” substitution.

Peel off a power of the odd function, and rewrite the rest in
terms of the substitution, .

If  and  are even, use double
angle formulae.

Use formulae for 

Relevant identities

Trigonometric integrals

If  or  is odd, create a
"derivative” substitution.

Peel off a power of the odd function, and rewrite the rest in
terms of the substitution, .

If  and  are even, use double
angle formulae.

Use formulae for 

Relevant identities

2. Substitute:

Substitute  for , and  for  in the original equation: 

3. Simplify using trigonometric or hyperbolic identities:
Using , the integral becomes (ignoring absolute value, watch for domains on 

definite integrals): 

4. Use standard integration techniques and identities to evaluate new integral

5. Substitute in for  to return to the integral in terms of 

6. Simplify using trigonometric or hyperbolic identities:

Warning: For definite integrals using an integration by substitution, remember to change the bounds 
of integration.

Warning: When applying a trig substitution, be careful between choosing x=\sin\theta and 
x=\cos\theta. The two differ only by a negative sign! 



First order linear differential equations

(0. Write in standard form) Divide through so  has coefficient 

1. Integrating factor

2. Multiply through by 

3. Express DE with product rule and implicit differentiation

General solution

Separable differential equations  

(First-order) separable differential equations

General solution

(Derivation)

5 First order linear differential
equations

 

Order of DE: The order of a differential equation is the order of the highest derivative involved in 
the equation.
Degree of DE: Power of its highest order derivative.
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Springs   

Definitions/terms  is the natural length;  is distance from natural
length to equilibrium point;  is displacement of the
object from the equilibrium position

 is restoring force; 
 is weight force; 

is resistive force

Static equilibrium (at equilibrium, weight force is equal to Hooke’s force) ( )

Hooke’s law

Damping force , damping force
is proportional to
velocity

Equation of
motion

(as )

Springs: Damping   

Equation of motion  

Overdamped
(strong)

Critically damped

Underdamped
(weak)

Simple harmonic
motion (no
damping)

Transient and steady
state solution

Transient solution: terms
decaying to  as 
Steady state solution: terms
not decaying to  as 

Resonance Resonance occurs when the external force  is part of .
The  will grow without bound as .

 

Springs  
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First Order Partial Derivatives  Geometric interpretation

 measures the
rate of change of 
with respect to 
when  is held
constant

Let  be the curve where the vertical
plane  intersects the surface.
Then  gives the slope of the
tangent to  at .

 measures the

rate of change of 
with respect to 
when  is held
constant

Let  be the curve where the vertical
plane  intersects the surface.
Then  gives the slope of the
tangent to  at .

Second Order Partial Derivatives  

Theorem: (Symmetry of mixed partial
second derivatives)

If the second order partial derivatives of  both exist and
are continuous, then .

Chain rule for multivariable function  

If , and  then  is a function of 
and

If  and  are differentiable functions, then 
is a function of  and  with

Implicit partial differentiation  

Implicit differentiation shortcut for functions of
one variable

If , and , then 

Implicit partial differentiation shortcut for
functions of two variables

If , and , then 

 and 

Partial derivatives and tangent planes  
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Partial anti-derivatives  

Partial anti-derivatives  hold  constant and integrate with respect to 

 hold  constant and integrate with respect to 

Constant of integration  or

Double integrals over rectangular domains

Double integrals

Computation of double integrals

Rectangular domain

Fubini’s Theorem (if continuous over domain
only)

Applications and interpretations of double
integrals  

Volume  is the volume under the surface 
 that lies above the domain  in the 

plane, if  in 

Area of domain If  then, 

Average value of a continuous function 
over a rectangle 

Centre of mass: The coordinates  of the
centre of mass of a lamina occupying the
region , and having density  where 

 is a continuous function, are
where the mass is given by 


