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MAST10007 LINEAR ALGEBRA
1 Linear systems of equations; matrices, inverses and determinants

Elementary row operations; Gauss-Jordan elimination
Linear systems and nature of solutions; the Rank theorem
Matrices: algebra, properties and operators
Inverses
Determinants
Notes and warnings

Definitions
2.1 Vector geometry (Revision)

(Euclidean) vector notation and properties
Scalar dot product
Vector projections and resolutes
Notes and warnings

Informal introduction to (Euclidean) vectors
2.2 Vector geometry

Lines and planes
Distance and angle formulas
Vector cross product

3 Vector spaces
Vector space axioms and vector subspaces
Fundamental matrix subspaces and the Rank-Nullity Theorem
Linear independence, basis, span and dimension
Vector subspaces
Linear dependence
Linear Independence
Worked Examples: Proofs for vector subspaces

4 Inner product spaces
Inner product axioms; geometry and inequalities
Standard inner products and quadratic forms
Applications of inner products

Least-squares regression
Orthogonal and orthonormal basis
Gram-Schmidt Procedure

Orthogonality properties and orthogonal complements
5 Linear transformations

Standard matrix representations and change of basis



Image, kernel, rank, and nullity
Injectivity, surjectivity, and bijectivity
Standard transformations in 

6 Eigenvalues and eigenvectors
Eigenvalues and eigenvectors
Cayley-Hamilton Theorem
Diagonalisation
Orthogonal diagonalisation



Elementary row operations  

Multiply a row by a nonzero constant.

Interchange two rows.

Add a multiple of one row to another row.

Gauss-Jordan
elimination  

Row-echelon form

Reduced row-echelon
form

free variables Formed from columns without pivots (in REF).

1 Linear systems of equations;
matrices, inverses and
determinants

 

Elementary row operations; Gauss-Jordan elimination  

Linear systems and nature of solutions; the Rank theorem  



Nature of
solutions  Reasoning

No
solutions

Inconsistent matrix.

Infinite
solutions

Free variable and thus
parametrised solutions.

Unique
solutions

Any values other than
those that produce
either infinite or no
solutions.

System
types If, in REF form:  

inconsistent
system

row of ,
where  is non-
zero

 

unique
solution

Full rank matrix, (same number of
useful equations as variables).

infinite
solutions

If the number of useful equations is
less than the number of variables.

Homogenous
system

All homogenous
systems have the
trivial solution 

.

If a homogenous system is
underspecified (more unknowns than
equations) than it has infinitely many
solutions.

Rank theorem , where 

No solutions

Infinite solutions  and 

Unique solution  and 

 

Matrices: algebra, properties and operators  



Matrix algebra and
properties  

matrix dimensionality

matrix multiplication

 Defined only if , and then the product has
dimensions 

non-commutativity

Null factor law does
not apply

.

identity matrix

Matrix powers

Distributivity

Associativity

Transpose  

Linearity

Multiplication, and transpose

Trace  

Linearity

Transpose  

Inverses



Determinants

Singular or
invertible
matrix

for triangular
matrix

 If  is diagonal, upper-triangular, or lower-triangular,
then  is the product of its diagonal entries.

Determinant
is  if:

The matrix has a column or row of all zeros; two identical
rows or columns; a column or row which is a scalar multiple
of another.

Determinant properties  

 

Row operations
for determinant

E!ect on
determinant To counterbalance

Multiply a row by a
nonzero constant.

Multiplies the
determinant by that
constant

Multiply outside by reciprocal of
constant.

Interchange two
rows.

Negates the
determinant.

Swap the sign of the determinant
outside.

Add a multiple of
one row to another
row.

No e!ect. No e!ect. 

 

How to find the matrix product 



If  is an  matrix and  is an  matrix, then the product  is the 
 matrix whose entries are determined as follows: 

To find the entry in row  and column  of , single out row  in matrix  
and column  in matrix . Multiply the corresponding entries from the row 
and column and then add up the resulting products.

That is, the entry  of the product is obtained by multiplying term-by-
term the entries of the ith row of A and the jth column of B, and summing 
these m products. In other words,  is the dot product of the ith row of A 
and the jth column of B.

Notes and warnings  

Gaussian elimination and backtracking/Gauss-Jordan elimination

Warning: If there are two rows that are identical (i.e. have the same entries), you 
cannot reduce both to a row of zeros. One row can be cancelled with the other, 
but one copy will remain after performing an elementary row operation. This 
error occurs when cancelling two rows with each other in the same step. This is 
incorrect, as elementary row operations happen in sequence, not simultaneously.

Elementary row operations:

Warning: using  to clear fractions is not an elementary row 
operation.  You cannot add a multiple of one row to a multiple of another row in 
the same step.

Solution sets for linear systems

1. The system has infinitely many solutions.
2. The system has a single unique solution.
3. The system has no solution.

Note that it is not possible for a linear system to have exactly more than one 
(unique) solution. For example, no linear system will ever have, say, exactly  
solutions.

Warning: When describing the solution set with a parameter, state the domain 
of the parameter e.g. .

Definitions  

Definition (Pivot or leading entry). First non-zero element of a row from the 
left.



Definition (Rank) The rank of a matrix is the number of non-zero leading entries in 
the row-echelon form of a matrix. Equivalently, the number of non-zero rows in r.ref.

Definition (Row-echelon form)

1. Any rows that consist of only zeroes are at the bottom of the matrix.
2. For any row with a leading entry, all elements below that entry (and in the 

same column as it) are zero.
3. The leading entry is further to the right for each successive row in the matrix. 

We can also think of this as meaning that there are more zeroes at the 
beginning of row 3 than there are in row 2 or row 1 and so on. (In other words 
the matrix has a lower triangle of zeros.) 

Definition (Reduced row-echelon form) A matrix is in reduced row-echelon 
form if, in addition to the REF properties, it also has:

Each leading entry is a 1.
Each column that contains a leading 1 has all other entries, above and below, 
zero.

Definition (Consistent system) If, in its r.e.f, it does not have any rows of the form 
.

 



Standard matrix
representation  Such that:

Standard matrix with respect
to standard basis

 

Standard matrix with respect
to other bases

Change of basis  Alternate notation

Change of basis  

Inverse change of basis
matrix

Change of basis from  to 

Transformation matrix wrt
new basis

Transformations

Composition of transformations (  first, then 
)

Definition: Linear
transformation  In matrix form:

(1) Preservation of addition

(2) Preservation of scalar
multiplication

Zero vector is always mapped to
zero vector

 

5 Linear transformations  
Standard matrix representations and change of basis  

Image, kernel, rank, and nullity  


