
PROPERTIES OF UTILITY FUNCTIONS 
More is preferred to less (non-satiation)  

⇒ Utility of $(X+1) is always higher than the utility of $X dollars 
If utility increases as wealth increases, then the first derivative of the utility function is positive: 
(upwards slope) 

𝑈" 𝑊 =
𝑑𝑈(𝑊)
𝑑𝑊 > 0 

Suppose there are two (certain) risk-free investments – one with outcome W1 in dollars & the 
other with outcome W2 in dollars, If W1> W2: 

𝑈 𝑊* > 𝑈(𝑊+) 
Adding a constant to a utility function or multiplying utility functions by a constant does 
not change rankings (same investment will be selected) 

⇒ A+bv(W) will lead to the same investments being selected as v(w) because ranking won’t 
change if every investment is for example increased by 2 

 
FAIR GAMBLE 
Defined as one where the expected value of the gamble is equal to its cost 

⇒ E.g. It costs $1 to enter a game flipping a coin where heads = $2 & tails = $0 (expected 
outcome is hence a $1 and is fair) 

Consider a risky investment & a risk free investment both requiring an initial investment of $100 
 
 
 
 
 
 
 
 
 
Expected final period wealth in the case of the risky investment is: 

𝐸 𝑊 = 0.6×170 + 0.4×15 = $108 
 
Expected return: 

𝐸 𝑅 =
108 − 100

100 = 8% 
The risk premium on the risky investment is hence zero 
If you are risk averse you desire a risk premium 
 
Fair Gamble: Risky investment whose expected return equals the risk-free rate of return or a 
risky investment which has zero risk premium 
 
GRAPHICAL REPRESENTATION OF UTILITY 



 
Black line is a utility function  

⇒ Transforms some wealth level to a utility level 
108 = risk free 
 
 
 
TYPES OF INVESTORS 
Investors an be classified into three groups: 

1) Risk averse 
2) Risk neutral 
3) Risk seeking 

Investor responses to a fair gamble indicate to which group they belong 
The investor’s taste for risk will lead to different shapes of the utility function 
 
RISK AVERSE INVESTOR 
Risk-averse investors will reject a fair gamble – they require an appropriate risk premium to 
accept a risk 
The expected utility of wealth from the risky investment must be less than the expected utility of 
wealth from the risk-free investment: 

𝐸 𝑈 𝑊: < 𝐸 𝑈 𝑊:< = 𝑈 𝑊:< = 𝑈[𝐸 𝑊: ] 
𝐸 𝑈 𝑊 ≠ 𝑈 𝐸 𝑊  

𝑈 170 ×0.6 + 𝑈 15 ×0.4 < 𝑈(108) 
 
 
 
 
Point A=100% probability of $15 
Point B = 100% probability of $170 
Probabilities change depending where are on line 
 
 
 
 
 
 
 
Risk-aversion implies second derivative is negative (utility is concave in wealth) 
Diminishing marginal utility of wealth (utility from an additional dollar of wealth declines as 
wealth increases)			 

𝑈"(𝑊) = 	
𝑑+𝑈(𝑊)
𝑑𝑊+ < 0 

 
A function where an additional unit increase is less valuable than the last unit increase is a 
function with a negative second derivative 
 
Certainty equivalent wealth (CEQ) is the indifference point (how much is a risky outcome worth 
in risk-free terms?) 
 
Suppose U(W) = ln(W) 
Then 



• U(170) = 5.14 
• U(15) = 2.71 
• U(108) = 4.68 
• E[U(W)] = 0.6*U(170) + 0.4*U(15) = 4.17 < U(108) 

 
The certainty equivalent of wealth = exp(4.17)=$64.37 
(take exponential) 
If CEQ<E(W) the individual is risk averse 

 
 
Black line = ln(W) 
 
Hence, investor would be indifferent if 
could get $64.37 (both options give same 
level of utility) 
 
 
 
 
 
 
 

 
 
Risk-averse investors must consider only the efficient frontier when choosing among alternative 
portfolios 
 
RISK NEUTRAL INVESTOR (A=0) 
Indifferent to a fair gamble & risk-free investment 
Judge risky prospects solely by their expected rates of 
return 
Utility function is linear in wealth (level of risk is 
irrelevant) 
Second derivative of utility function is 0: 

𝑈"(𝑊) = 0 
⇒ Change in utility from a one-unit change in 

wealth is independent of whether moving from 
0-1 or 1-2 

Certainty equivalent equals the expected rate of return 
 
 
RISK SEEKING (A<0) 
Prefer the fair gamble over the risk-free investment (utility from uncertainty) 

⇒ Risk lovers will always take a fair game because their upward adjustment of utility for risk 
gives the fair game a certainty equivalent that exceeds the alternative of the risk-free 
investment 



Utility function is convex in wealth 
The second derivative is positive 

𝑈"(𝑊) > 0 
Function is increasing at an increasing rate 

⇒ Functions that exhibit the property of greater change 
in value for larger unit changes are functions with 
positive second derivatives 

Risk seeking investors will pay a premium to take risk, hence 
risk premium is negative 
If coefficient of absolute risk aversion is negative is risk 
seeking 

⇒ B""(C)
B"(C)

= −1 ⇒  risk seeking 
If CEQ is higher than expected value, person would rather 
take the gamble and is a risk seeker 
 
CONCLUSION ON UTILITY 
We will assume that investors: 

o Are risk averse 
o Maximise their expected utility of wealth 
o Prefer more wealth to less 
o Have diminishing marginal utility of wealth 

 
MEASURES OF RISK AVERSION 
ABSOLUTE RISK AVERSION 
Shifts in investor preferences in response to wealth 
How investor preferences change as wealth changes 
Example: 

o An investor with $10 000 to invest puts $5000 into risky assets, the same investor’s 
wealth now increases to $20 000, will the investor invest more than $5000, less than 
$5000 or still $5000 in risky assets? 

o If the investor increases the amount invested then the investor is said to exhibit 
decreasing absolute risk aversion 

o If investor’s investment in risky assets is unchanged as wealth changes, the investor is 
said to exhibit constant absolute risk aversion 

o If the investor invests fewer dollars in risky assets as wealth increases then the investor is 
said to exhibit increasing absolute risk aversion 
 

If $ amount invested in risky assets increases as wealth increases, then investor has decreasing 
absolute risk aversion 

𝐴𝑅𝐴 = 𝐴 𝑊 =
−𝑈"(𝑊)
𝑈′(𝑊)  

The derivative of A(W) with respect to wealth indicates how absolute risk aversion changes as 
wealth changes 
Generally assumed that investors exhibit decreasing absolute risk aversion 
 
RELATIVE RISK AVERSION 
How the percentage of wealth invested in risky assets change as wealth changes 
Example: 

o If an investor puts 50% of her wealth in risky investments when her wealth is $10 000, 
does she still put 50% of her wealth in risky assets when her wealth increases to $20 000? 



o If she does then the investor’s behaviour is said to be characterised by constant relative 
risk aversion 

o If she invests a greater percentage of her wealth in risky investments she is said to exhibit 
decreasing relative risk aversion 

o If she invests a smaller percentage she is said to exhibit increasing relative risk aversion 
 

𝑅𝑅𝐴 = 𝑅 𝑊 =
−𝑊𝑈"(𝑊)
𝑈" 𝑊  

𝑅𝑅𝐴 = 𝑅 𝑊 = 𝑊×𝐴(𝑊) 
Derivative of R(W) with respect to wealth indicates how relative risk aversion changes as wealth 
changes 
𝑅" 𝑊 < 0 indicates that the utility function exhibits decreasing relative risk aversion 
𝑅" 𝑊 = 0 indicates the utility function exhibits constant relative risk aversion 
𝑅" 𝑊 > 0 indicates the utility function exhibits increasing relative risk aversion 
 
There is no consensus on how relative risk aversion changes as wealth changes 
 
 
 
 
 
 
 
 
 

TYPES OF UTILITY FUNCTIONS 
Log Utility Function 𝑈 𝑊 = ln	(𝑊) 
Quadratic Utility Function 𝑈 𝑊 = 𝑊 − 𝑐𝑊+ 
Exponential Utility 𝑈 𝑊 = 1 − 𝑒KLM 

Where𝛾 is the risk aversion coefficient 
Power Utility 

𝑈 𝑊 =
𝑊*KO

1 − 𝐴 
Where A is restricted to be greater than 0 

 


