
Remember you get a double-sided self-prepared note sheet to bring into the final exam – prepare 

this!!!! 

LECTURE ONE: BOND PRICING 

BOND PROPERTIES AND ASSUMPTIONS 

A bond is a borrowing-lending contract with the following key parameters: 

- Maturity: The date of the bond’s last cash flow. 

- Face Value: The cash flow paid at maturity minus the coupon payment; the principal value. 

- Coupon Rate: Determines the value of coupon payments (regular smaller cash flows before 

maturity. Does not necessarily equal the relevant discount rate, which is the yield to 

maturity. The current yield on a bond is the annual coupon payments divided by the current 

market price. 

The following assumptions are made for bonds in this course: 

- Zero default risk 

- Zero transaction costs 

- Constant interest rates 

- Complete markets 

BOND PRICING 

There are two main approaches to pricing of assets: 

- Fundamental Pricing 

o Prices are set at equilibrium (coincidence of supply and demand); 

o The properties of an asset indicate its price; 

o This approach is used to price shares. 

- Arbitrage Pricing 

o The future cash flows of an asset can be estimated by a portfolio of other assets 

with known prices (called a replicating portfolio or synthetic asset); 

o Assuming no arbitrage, the price of the asset should be equal to the market value of 

the replicating portfolio; 

o This approach is used to price bonds and derivatives. 

An arbitrage is a set of trades that generate zero future cash flows and a positive present cash flow 

(or alternatively, a future positive risk-free cash flow and zero present cash flows). If an asset is 

priced incorrectly, an arbitrage opportunity may arise using the (correctly priced) replicating 

portfolio.  

DISCOUNTING, ARBITRAGE PRICING, EXPLOITING MISPRICING 

The present value of a zero-coupon bond is given by: 

P = 
Face Value

(1+r)n  

The present value of a coupon bond is given by: 

P =C (1 −  
1

(1+r)n
) +  

Face Value

(1+r)n  
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standard deviations). The line of all undominated portfolios is the efficient frontier of risky assets. 

Any portfolio not on the frontier will be dominated by one on the frontier. 

 

Now, the asset from the efficient frontier that should be selected is the optimal portfolio, the one 

that maximises utility (based on the individual investor’s risk aversion coefficient A). This portfolio 

lies at the point where the highest attainable utility curve meets the efficient frontier

 

LECTURE FIVE: OPTIMAL PORTFOLIOS 

PROPERTIES OF PORTFOLIOS WITH A RISK-FREE ASSET 

Any risk-free asset rf has the following properties: E(rf) = rf, Var(rf) = 0. Bonds are considered risk-free 

assets in this course. If the risk-free asset is combined with a risky portfolio P (with weight y ≥ 0 in 

the risky portfolio), the expected return and variance of the complete portfolio C is given by: 

E(rc) = (1 – y)rf + yE(rP) 

E(rc) = rf + y(E(rP) – rf) 

Var(rc) = Var((1-y)rf + yrP) 

             = (1-y)2Var(rf) + y2Var(rP) + 2(1 – y)yCov(rf,rP) 

             = y2σ2
P 
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w*A = 
w0

A

1+ w0
A(1− βA)

 

          = 
0.15625

1+ 0.15625(1− 1.2)
 

          = 0.1613 

Hence the appropriate complete portfolio is 16.13% in Asset A and 83.87% in the regular market 

portfolio. 

EXPLOITING MULTIPLE MISPRICED ASSETS (ACTIVE PORTFOLIOS) 

1. Form an active portfolio of the mispriced assets where each mispriced asset is given a 

weight proportionate to its alpha-to-unsystematic-risk ratio 
α

σε
2

. 

2. Treating the active portfolio as a single mispriced asset, use the procedure above to find the 

optimal weight in the active portfolio to form the optimal risky portfolio comprising the 

market portfolio and active portfolio. 

INFORMATION RATIO 

The squared Sharpe ratio of the optimal risky portfolio after incorporating a single mispriced asset 

is: 

SP
2 =  SM

2 + (
α

σε
)2 

The latter term is the squared information ratio of the asset, given by IR = 
α

σε
. 

The squared information ratio of the active portfolio is given by the sum of the squared information 

ratios of the individual mispriced assets: 

IR2
AP =  ∑ IR2

j
j

 

The squared Sharpe ratio of the optimal risky portfolio after incorporating the active portfolio is: 

SP
2 =  SM

2 + ∑ IR2
j

j
 

FAMA-FRENCH-CARHART FOUR-FACTOR MODEL 

The CAPM assumptions significantly limited its realistic application. Its basic principles still hold but it 

is not useful for exact numerical predictions.  

In the CAPM, the market portfolio is a risk factor, and the CAPM beta is a loading on that factor. In 

theory, there can be other factor models with different risk factors and loadings. These models are 

empirical, not formally derived. The most commonly used model is the Fama-French-Carhart four-

factor-model, which includes the following factors (portfolio returns): 

- Market portfolio 

- SMB portfolio (small-minus-big) 

- MMT portfolio (momentum; winner-minus-loser) 

- HML portfolio (book-to-market ratio, high-minus-low) 
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ΔS0u – fu = ΔS0d – fd 

Δ = 
fu− fd

S0u− S0d
 

Δ is hence a measure of the sensitivity of option value to the underlying asset price; the change in 

value of shorting one option will be exactly hedged by the change in value of longing Δ shares of the 

stock, and Δ is called the hedge ratio of the option. 

Now, the value of the portfolio at time 0 is given by ΔS0 – f0, and at the risk-free rate it will grow (by 

time T) to be given by (ΔS0 – f0)erT. Hence 

(ΔS0 – f0)erT = ΔS0u – fu = ΔS0d – fd 

f0 = ΔS0(1 – ue-rT) + fue-rT 

    = fue-rT(
erT− d

u− d
) + fde-rT(

u− erT

u− d
) 

RISK-NEUTRAL PROBABILITY 

Now define p = (
erT− d

u− d
) 

And we have 

f0 = e-rT(pfu + (1 – p)fd) 

This appears to be simply the “present value” of the option’s expected payoff at time T where p is 

the “probability” of the stock increasing in value. However, the probability p is not an actual 

probability, but a transformed risk-neutral probability so that the option can be priced as a risk-free 

asset. The risk-neutral probability is lower than the actual probability of the stock increasing in value. 

This is also not the actual option price at time T; it is the risk-neutral valuation. 

COMPARISON BETWEEN RISK-NEUTRAL AND TRADITIONAL APPROACHES 

- The traditional approach of valuation is to adjust the denominator of the present value 

formula by discounting expected payoffs (with actual probabilities) by the required rate of 

return. 

- The risk-neutral approach to valuation is to adjust the numerator of the present value 

formula by discounting expected payoffs (with risk-neutral probabilities) by the risk-free 

rate. 

As risk-averse investors we are not neutral risk, and hence the discount rate will be adjusted to 

something higher than the discount rate (exogenous; depending on the risk of the project and the 

asset pricing model used). The formula f0 = e-rT(pfu + (1 – p)fd) is then used to value the project, 

asset, or derivative. Alternatively, the probabilities may be adjusted with the risk-free discount rate 

retained. 

EXTENDING THE BINOMIAL TREE 

Realistically, stock prices may not change only at time T, but over multiple periods before and after 

time T. The model can be made more plausible by adding more nodes to the tree. The more nodes 

that are added, the more plausible the model becomes. As the number of nodes approaches 
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