Note that if fis a C! scalar function then:
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Note that this implies that it is a vector field. If F = Fii + Fzj + Fsk is a C! vector field, the
divergence of F is given by:

divF = V.F
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Note that div(F) is a scalar function.

Example 1
Find the divergence of F.

F(z,y,2z) =c’yi+zj5+zyzk

div(F)=v.F
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If F is the fluid velocity at position (x, ), z), then the divergence gives a measure of the net transport
of fluid in/out of that point. If the divergence is greater than 0, then more fluid flows out than in, so
the fluid is expanding. If the divergence is less than 0, then more fluid flows in than out, so the fluid
is compressing. If the divergence is equal to 0, then the rate at which the fluid flows in equals the
rate at which the fluid flows out. If the divergence is equal to 0, then F is called an incompressible
vector field.

The curl of F is given by:
curlFF = VxF
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Note that the curl F is a vector field.

Example 2
Find the curl of F.

F(z,yz) =2yi— 2225+ (x+y—2)k
curl(F) =vXxF
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If F is the fluid velocity in a lake, and if one drops a twig into the lake, then the curl of F measures
how quickly and in what orientation the twig rotates as it moves. If the twig does not rotate as it
travels, then the curl of F is equal to 0 and is hence called irrotational. If the direction of the twig
changes as it travels then the curl of F does not equal 0 and is called rotational. Note that if fis a
scalar function the the divergence and curl of f are not defined; must be a vector field.

The Laplacian Operator is given by:
V2 = V.V
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Note that if fis a C2 scalar function then:
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If F is a C2 vector field where u, v and w are scalar functions of (x, y, z) then:
V2F = V2ui+V%j + Vuwk
where V2u = ugy + uyy + uzz etc.
Note that this implies that the Laplacian Operator applied to F is a vector field. Some applications

for the Laplacian Operator is the gravitational potential V of a mass m at (x, y, z) due to a mass M at
(0, 0, 0), which satisfies Laplace’s equation.



