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Spatial Transformation

Rotation Matrices have general form:

) ) Xgp-Xa Yp'Xa Ip-Xg
R= x5 Ay 'J‘Eﬁ_ = 1%8'YA XYB'Ya 2B°)A
Xg 24 Y¥u-Zy 1Ip-14
X-axis y-axis z-axis
1 0 0 cosf 0 sinf cosf} —sinf 0
R,(0)= |0 cost —smOllpg)y=| 0 1 0 [|R(6)=|sin6 cos® 0
0 sinf cosf —sinf 0 cosf 0 0 1

The magnitude of a rotation matrix is 1.

Transformation

Transformation is the combination of rotation and translation:

0

4R 40
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Inverse of transformation matrix is used to transform in the opposite direction:

ﬁT: AT_1 = [

R R0
0 1

Rotation/transformation matrices can have two meanings/applications:

e Meaning 1 - Map the coordiantes of a point in one frame into another frame. The
point can be measured in either frame, but position vector will differ for each case.
The transformation matrix represents the transformation between the two frames.

o Point remains constant, measure frame changes

e Meaning 2 — A point is only measured in a base frame but is transformed to a new

p=3Tx

position defined by the transformation matrix

o Base frame remains constant, point position changes

v, =Tx 'py

When multiple transformations are applied, the base/measurement frame can remain

constant (meaning 2) or change with each step (meaning 1).
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Fixed Angles
Any arbitrary orientation of an object can be achieved by a sequence of rotations around a
fixed base frame A:

A

Ae

Transformation matrices are multipled in inverse order to which they are applied:
A A A A .
pRyyz(7.8.a) =p R(ajeRy(B)gR:(7)

Euler Angles

At each transformation step, the transformed frame becomes the base frame for the next
transformation.

PN L B

¥~ Xe

In this case, transformation matrices are multiplied in the same order as they are applied:
A A ] G -
pRyyzla.B.y) =4 RAa)eRy (B)pR:(7)

Denavit-Hartenberg Notation
DH-convention is used to define rotation and translation parameters of robotic manipulator
links.
™ g, 15 the link distance between two axes z;—; and z; along x;—;.
» o is the twist angle between two axes z;| and z; along x;—).
® d; is the offset between two axes x;—; and x; along z;.
> & is the joint angle between two axes x;_, and x; along z;.
These are then used to generate the transformation matrix between the two frames:
cos B —sin B, 0 di_|
sinB;cosa;_; cosBicosa_y —singg_; —sing_,d;
singsina;—;  cosB;sinog_ COS O _ | cos o d;
() 0 0 |

=T =
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Example
Assume point masses at joint location, zero force on end effector.

'‘Pa=[ 0 0], “pa=

0 0 0
ﬂnfl = | B rlrmj - n |I]‘hl = [0
0

g éi
001 = R (§0g+5 8y x 50 +5 a0, x (Gas % §0,))
_ cos® sing; 0] [0 A4
= |—sing cos@ 0O |gf = |gc
Mass centre 1 acceleration: . R o )

;I:ﬁcl = 4!}ﬁ|: +:I:|ﬂll't X :Pcl +r|r'ml X {Llrm'l X :F‘:I}
—.I':|“E|3+£.H

= | 18 +gc
0

Used to find force and torque at mass centre (torque will be 0 since point mass):

—m.héf+m|g51 0
"o =my "poy = | mli8 +mge) gy =1 'éy+ 'y % 'Ly '@y = |0
0 0

Mass centre 2:

0
::;Iml =:| R EI;N; =+ B: 113 = 0
6+ 6
{
5ﬂ:=‘?Rafﬂ|—p—|_¥R'|]m”x iﬂjztg:l'rﬁ'_::i::; {
& + o .!'|§[53—-F|9|_3If'1--35|3
ﬁ ¥ fR{,!,nl +|J1 @ x 1|1n: +|!, m; = {‘ﬁmi £ ":,l_'}:]] = flén'-‘j 4_‘1!9'__1:_!;‘_!1

0

Mass centre acceleration and forces (torque will again be zero):
. 2 2 2 . b 2
e = nnl +p W2 X [P+ @2 % (002 X [Pa)

-i‘:iﬁ 'i"f-"l'l2 "'-l"tlél-'iz - -I'!QF-E'J-!-EI.:
= | LB +6)+18ca+11852+gcp

{
. =izl [E. - Eg 12+l By 52 — m:f! E',lrz - Mags5|2
Mo=m P = mals () + 83) +myl 8,63+ mayl Bl 52 + mages
]
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