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Lecture 1 

1. State the objective of modern portfolio theory  
To	maximise	the	risk-return	trade-off	when	investing	in	the	markets	

2. Define the return of an asset 
The	 return	 on	 an	 asset	over	 a	 time	 period	 is	 the	 percentage	 change	 in	 its	 value	

taking	into	account	all	cash	in	flows	and	out	flows	

3. How is expected return defined? 
𝐸(𝑅) = (𝑝*𝑅* 	

4. How do we maximise return if there are no risk constraints? 
Simply	find	the	asset	that	maximises	𝑅+, 	and	put	all	money	in	that	

5. Define positive definiteness and use it to identify covariance matrices 
If	 C	 is	 a	 symmetric	matrix	 and	𝑥.𝐶𝑥 ≥ 0,	for	 all	 x,	 C	 is	 said	 to	 be	 positive	 semi-

definite.	It	is	said	to	be	positive	definite	if	𝑥.𝐶𝑥 > 0,	for	𝑥 ≠ 0.	

All	 covariance	matrices	are	positive	 semi-definite	and	any	positive	 semi-definite	

matrix	is	the	covariance	of	some	collection	of	random	variables.	

6. What is a covariance matrix? 
A	matrix	whose	element	in	the	ith	row	and	jth	column	is	the	covariance	between	the	

ith	and	jth	elements	of	a	random	vector	

7. What special properties does a covariance matrix have? 
All	 covariance	matrices	are	positive	 semi-definite	and	any	positive	 semi-definite	

matrix	is	the	covariance	of	some	collection	of	random	variables.	

8. Define semi-variance and shortfall semi-variance 
• Semi-variance:	𝐸 67𝑋 − 𝐸(𝑋):

;
𝐼=>?@	

Note:	 if	 X	 is	 symmetric,	 then	 the	 semi-variance	 is	 just	 the	 half	 of	 the	

variance	

• Shortfall	semi-variance:	𝐸((𝑋 − 𝐿);𝐼=>B)	

The	idea	is	to	penalise	returns	which	fall	below	the	fixed	benchmark	return	

without	penalising	over-performance;	

Shortfall	level:	returns	which	fall	below	some	specified	threshold	level	
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Lecture 2 

1. What are the assumptions of mean-variance portfolio theory? 
• Investors	only	care	about	the	mean	and	variance	of	returns	

• Investors	prefer	higher	means	to	lower	means	

• Investors	prefer	lower	variance	to	higher	variance	

• We	know	the	means,	variances	and	covariances	of	returns	for	the	assets	we	

can	invest	in	

So	all	investors	want	more	money	and	less	risk	

2. Define mean-variance efficiency 
A	portfolio	is	efficient	provided	

• No	other	portfolio	has	at	least	as	much	expected	return	and	lower	standard	

deviation,	and	

• No	 other	 portfolio	 has	 higher	 return	 and	 standard	 deviation	 which	 is	

smaller	or	equal	

3. Define the opportunity set and efficient frontier. How do they relate to 
each other? 

• Opportunity	 set:	 the	 set	 of	 all	 possible	 pairs	 of	 standard	 deviations	 and	

returns	attainable	from	investing	in	collection	of	assets	

• Efficient	frontier:	the	subset	of	the	opportunity	set	which	is	efficient		

An	efficient	asset	is	therefore	in	the	edge	of	the	opportunity	set		

4. If a portfolio is efficient and we add in/discard an asset, will the original 
portfolio remain efficient? 
No.	Efficiency	 is	only	defined	 relative	 to	a	 set	of	 investment	opportunities.	 If	we	

allow	an	extra	asset,	 then	portfolios	 that	were	previously	efficient	are	no	 longer	

efficient.	 Similarly,	 if	 we	 throw	 away	 an	 asset	 both	 from	 the	 set	 of	 investment	

opportunities	 and	 from	 an	 efficient	 portfolio,	 then	 the	 portfolio	 containing	 the	

remaining	assets	may	not	be	efficient.	

5. State what sort of curve the opportunity set takes 
Hyperbola	for	two	risky	assets	

• Two	 perfectly	 correlated	 assets:	 straight	 line	 in	 return/sd	 space	 but	will	

have	a	turn	when	we	pass	through	zero	
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• Anti-correlated	assets:	the	graph	of	the	opportunity	set	is	piecewise	linear:	

linear	for	𝑋C 	above	and	below	point	where	𝜎	is	zero	but	not	cross	the	point	

where	it	is	zero	

	
• Uncorrelated	assets:	hyperbola	

	
• Correlated	assets:	a	curve	somewhere	the	perfect	correlation	case	and	the	

uncorrelated	case	–	hyperbola	
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• Comparison		

	

6. Describe the shape of the graph of expected return of two asset portfolios 
as a function of the investment fraction 
The	expected	return	is	linear	in	𝑋C 	(variance	is	quadratic)-	i.e.		

𝐸7𝑅E: = 𝑋C7𝐸(𝑅C) − 𝐸(𝑅F): + 𝐸	(𝑅F)		

Hence	it	is	a	straight	line	as	a	function	of	the	investment	fraction.	

7. Describe the shape of the graph of standard deviation of two asset 
portfolios as a function of the expected return 
The	 variance	 of	 two	 asset	 portfolios	 is	 generally	 a	 parabola	 as	 a	 function	 of	

expected	 return	 for	 two	 asset	 portfolios	 –	 variance	 is	 quadratic	 in	 the	 expected	

return	

8. Will the minimum variance portfolio always be efficient? 
Yes		

9. Discuss convexity in the context of efficiency 
• Convex:	if	the	chord	between	any	two	points	lie	above	the	graph	

• Concave:	if	the	chord	between	any	two	points	lie	below	the	graph	
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• Straight	line	is	trivially	both	convex	and	concave	

• The	 efficient	 frontier	 of	 two	 assets	 is	 concave	 since	 hyperbolas	 are	

concave	above	the	turning	point	(Note:	the	area	below	the	turning	point	is	

not	concave	and	not	efficient)	

Lecture 3 

1. Define a riskless asset 
An	asset	whose	return	is	known	in	advance;	an	asset	is	risk-free	if	and	only	if	the	

variance	or	standard	deviation	of	returns	is	zero	

2. Identify the opportunity set with a riskless asset and a portfolio of risky 
assets 
A	straight	line	in	return/sd	space:	𝑅EIIII = 𝑅J +

KLIIIIMKN
O	L

𝜎P .	Between	the	two	points,	we	

are	 dividing	 our	 portfolio	 into	 risk-free	 assets	 and	 risky	 assets.	 Above	 the	 risky	

point,	 we	 are	 short-selling	 the	 risk-free	 asset	 and	 putting	more	money	 into	 the	

risky	assets.	

3. Define and compute the market price of risk 
For	each	extra	unit	of	 risk	expressed	as	 standard	deviation	 that	we	 take,	we	get	

𝜆 = KLIIIIMKN
O	L

	extra	units	of	expected	return.	𝜆	is	the	market	price	of	the	risk	on	A.	

4. Prove that an efficient portfolio containing a riskless asset remains efficient 
after the riskless asset has been discarded 
Theorem:	If	E	is	efficient	then	the	portfolio	A	consisting	of	the	risky	assets	in	E	is	

efficient	relative	to	investing	solely	in	risky	assets	

Proof:		

Assume	C	is	riskless	so	𝐸(𝑅R) = 𝑅J .	

If	A	is	not	efficient,	then	either		

1) 𝑅SIII < 𝑅UIIII, 𝜎U ≤ 𝜎S		

	


