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Author’s Words 
This unit requires lots of reading. You should read through the chapter before lecture, attempt all the multiple-
choice questions in the reading material, and note down the contents that you do not understand. You should do 
the tutorial and lecture preparations to test your understanding about the contents, and write down the questions 
that you did wrong for your future revision. 
 
The following notes summarized the main content that you need to understand to achieve a good grade. 
Hope my notes can help you, and Good Luck for your studies! 
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  DATA REPRESENTATION                                            
 
1.1 Different Bases 
Numbers Represented in Base b 
Properties 
• b digits (0 to b-1) are used to represent numbers. 
• The number which is 1 larger than b-1 is 10. 
• The largest natural number represented with n digits is bn-1. 
• Integer multiplication by the base is done by adding a zero as least significant bit. Integer division by the base 

is by removing the least significant bit, and the least significant bit is the reminder of the division. 
 
Translations between Different Bases 
Between base 10 and other bases 

 Method Example 
base b to 
base 10 

(𝑑# ∗ 𝑏#)'()
#*+  where n is the number of digits, 

and di is the digit at position i. 
12348 = (𝑑# ∗ 8#)-

#*+  = (4*80) + (3*81) + (2*82) 
+ (1*83) = 4 + 24 + 128 + 512 = 66810. 

base 10 
to base b 

collect the reminders of successive divisions by 
the base, the digits are obtained from the least 
to the most significant.  

123410 = 8*154 + 2; à 154 = 8*19 + 2; à 19 = 
8*2 + 3; à 2 = 8*0 + 2; 
The reminders are 2, 2, 3, 2. à Result is 23228. 

 
Between base 8 (prefix 0o) and base 2 (prefix 0b) 

Octal digit 0 1 2 3 4 5 6 7 
Binary 000 001 010 011 100 101 110 111 

 
Between base 16 (prefix 0x) and base 2 

Hexadecimal digit 0 1 2 3 4 5 6 7 
Binary 0000 0001 0010 0011 0100 0101 0110 0111 
Hexadecimal digit 8 9 A B C D E F 
Binary 1000 1001 1010 1011 1100 1101 1110 1111 

 
 
 
1.2 Binary Encoding 
Digital circuits manipulate signals in two states: zero and one. Therefore, information processed by digital circuits 
needs to be encoded using sets of the signals called bits. 
A microprocessor is a complex digital circuit. So, all the elements of instructions need to be encoded with binary 
logic in order for a microprocessor to execute the instructions (machine language). 
 
Properties of Binary Encoding 
Basic Properties 
• Number of combinations encoded using n bits: up to 2n elements. 
• Minimal number of bits required to encode N elements: N ≤ 2n or n ≥ 	log2 𝑁 . 
 
Rules for Encoding a Set of Elements 
• Decide the number of bits used firstly. 
• Define a relationship between each element in the set and a concrete sequence of bits. 
• Each element must have at least one binary representation. 
• Each sequence of bits can only represent one element in the set. 
 
Size of Encoding 
Digital circuits can only manipulate binary numbers with a finite number of bits. 
Overflow is the situation in which the result of an operation cannot be represented due to the size of the encoding.  
The way the microprocessors deal with overflow is simply to detect it and raise an exception so that it can be 
treated by some specific code.  
 



 

 
 
1.3 Encoding Integers 
Sign and Magnitude 
Steps 
1) Encode the absolute value of the number in binary. 
2) Add the sign as the most significant bit. 0 represents the positive sign, 1 represents the negative sign. 
 
Properties 
• Range of numbers represented by n bits: [ – (2n-1 - 1), 2n-1 - 1], (i.e. 111…111 to 011…111). 
• No. of combination by n bits: 2n - 1.  
• Zero can be represented by two combinations: 100…000 or 000…000. 
 
1s Complement 
Steps 
1) If the number is positive, simply encode it to base 2. 
2) If the number is negative:  
     Obtain the encoding of the absolute value of the number in base 2. 
     Replace every 0 by a 1 and every 1 by a 0. 
 
Properties 
• Range of numbers represented by n bits: [ – (2n-1 - 1), 2n-1 - 1]. (i.e. 100…000 to 011…111). 
• No. of combination by n bits: 2n - 1.  
• Zero can be represented by two combinations: 111…111 or 000…000. 
 
2s Complement 
Steps 
1) If the number is positive, simply encode it to base 2. 
2) If the number is negative:  
     Obtain the encoding of the absolute value of the number in base 2. 
     Replace every 0 by a 1 and every 1 by a 0. 
     Add 1 to the resulting number. 
 
Properties 
• Range of numbers represented by n bits: [– (2n-1), 2n-1 - 1]. (i.e. 100…000 to 011…111). 
• No. of combination by n bits: 2n.  
• Zero has a unique representation: 000…000. 
• The most significant bit still represents the sign of the number. 
• The addition and subtraction operations follow base 2 rules as if the numbers were naturals. 
 
2s Complement to base 10 
Translate an integer in 2s complement to representation in base 10.  
 
Steps 
1) If the number is positive (i.e. the most significant bit is 0), translate it to number in base 10 directly. 
2) If the number is negative: 
     Replace every 0 by a 1 and every 1 by a 0. 
     Add 1 to the resulting number. 
     Translate the resulting number to base 10 and take its value as a negative number. 
 
 
 
1.4 Encoding Real Numbers 
There are infinite real numbers in an interval, so the representation of real numbers must be restricted to a certain 
interval and to certain values within that interval. 
Manipulating real numbers by a digital circuit may introduce an error, because the result of arithmetic operations 
on real numbers can only be approximated to the closet number that can be represented.   



 

 
Floating-Point Encoding 
Steps 
1) Represent the real number in base 2, with one set of digits to the left of the decimal point, and the other set of 

digits to the right set of the decimal point. Note that the weight of the digits in the decimal part is negative 
powers of the base, i.e. 2-1, 2-2, 2-3, etc. 

2) Adjust the value of the mantissa so that the first non-zero digit is at the right of the point, and it is multiplied 
by the appropriate power of the base.  

3) Encode the three parts separately: the sign of the mantissa, the mantissa, the exponent. The mantissa is already 
in binary, encode the exponent using any methods (i.e. Integers encoding). 

 
Example: 5.875 
1) 5.875 = 22 + 20 + 2-1 + 2-2 + 2-3, in binary is: 101.111   
2) 101.111 = 0.101111*23  
3) Sign: 0; Mantissa: 101111; Exponent: 310 = 0112. à Encoding: 0 101111 011. 
 
Note: Representation of zero using float-point encoding is a special case.  
Note: The most significant bit of the mantissa is always 1. 
 
Range 
Suppose we use 1 bit for the sign, a bits for the mantissa, b bits for the exponent. 
• Range: [– 0.11…1 * 2(2^(b-1) - 1), 0.11…1 * 2(2^(b-1) - 1)] 
• Negative numbers Î [– 0.11…1 * 2(2^(b-1) - 1), – 0.1 * 2(- 2^(b-1))] 
• Positive numbers Î [0.1 * 2(-2^(b-1)), 0.11…1 * 2(2^(b-1) - 1)] 
 
Example: use 1 bit for sign, 7 bits for the mantissa, 6 bits for the exponent. 
• Negative numbers Î [– 0.1111111 * 231, – 0.1 * 2-32] 
• Positive numbers Î [0.1 * 2-32, 0.1111111 * 231] 
 
Accuracy and Precision 
Accuracy refers to how close a binary encoding of a real number is to the real magnitude we want to encode.  
Precision is a property of the overall encoding scheme. 
• For numbers represented by the same number of bits, the more bits used for mantissa, the higher precision of 

the encoding. 
 
Overflow and Underflow 
Overflow and underflow are possible exceptions when operating with real numbers. 
• Overflow: When the number to be represented is outside of the range of valid values or when trying to 

represent a very small number. 
• Underflow: When approximating a non-zero number by zero, such as when dividing a very small number by 

natural numbers. 
 
 
 
1.5 Encoding Symbols 
The three ingredients: 
• A set of symbols. 
• Size of encoding (the number of bits required). 
• The correspondence between each symbol and the sequence of bits representing it. 
 
Encoding Characters 
Encoding Schemes:  
• ASCII (American Standard Code for Information Interchange):8 bits, 256 combinations. 
• EBCDIC (Extended Binary Coded Decimal Interchange Code). 
 
UNICODE: UTF-8, UTF-16, UTF-32. 
 


