
Lecture 1: States, Microstates and Configurations 
 
Molecular state: is a quantum state of an individual molecule, that is how the molecule distributes its energy in its different degrees of 
freedom. In each degree of freedom, we have different quantum levels of energy, so the energy of a molecule is distributed upon these quantum 
states (whether excited or not). For example, for a simple model of 1 particle with just 1 degree of freedom, we have 2 quanta of energy is thus it 
is in quantum state 2. 
 

 
The state of the molecule is completely specified by its vibrational, rotational, electronic or translation motion of the molecule. The total energy 
of that molecule is the sum of the energies in these degrees of freedoms. If this information is obtained than the molecule is fully described. 
 
A system of molecules, of 1023 molecules, cannot normally be completely specified. Instead we have incomplete knowledge, we are only 
limited to the values of a number of bulk parameters like number of molecules, temperature, pressure, energy, volume. Some of these 
quantities have no counterpart (or is true) in an individual molecule. They are purely properties of a system.  
 
Occupation numbers: are the states of energy which the particle can have for a given microstate. n1, n2, n3…so it tells you how many 
particles are within that state. E.g. n1 = 6 (there are 6 particles in this state). 
 
Configuration: is a possible distribution of particles among the molecular states in each of its degree of freedom. Another definition is 
thus an unordered arrangement specifying the number of particles in quantum state and thus a set of occupation numbers. For example, in the 
example below, there are 2 particles in the ground state so the occupation number is n0 = 2, and there is one particle in the third state, so the 
occupation number is n3 = 1. Its overall configuration may be written as n0 = 2 and n3 = 1. It does not matter if particle A and B are in energy 
state 0 and particle C in energy state 3, as long as there are 2 particles in n0 and 1 particle in n3. The different combinations are the microstates. 
 
Microstates: is a possible distribution of the total energy among the molecules. Another definition can be that microstates are the 
combinations of a certain type of configuration. These are the permutations of a system, which are the total number of combinations of a 
subgroup of n objects out of a total of J objects. We can know the number of particles and the total energy of the system but we do not know 
how much energy each particle has. For example, a system of 3 identical particles (a, b, and c) with a total of 3 quanta of energy can be arranged 
in various microstates, at each instance the energy of each particle varies. 
 

 
 

Total number of particles: N is the total number of molecules in the system and n are the occupation numbers. Addition of these give 
you the total number of molecules. 
 

 
 

For example: for the different configurations shown above, there is always 3 particles. 
 

For configuration 1    N = 2 + 0 + 0 + 1 = 3 
For configuration 2    N = 1 + 1 + 1 + 0 = 3 
For configuration 3    N = 0 + 3 + 0 + 0 = 3 

 
Weight of the configuration: we can calculate the total number of microstates for a particular configuration where “N” is the total 
number of molecules in the system and “n” are the occupation numbers ”i” is just the energy level. 
 

 
 
 
 
 



 
for example: there are a total of 3 configurations the total energy of 3 (E = 3). The number of microstates are calculated as: 
 

              n0 = 2, n3 = 1               à      3!/(2!1!)     = 3 
                  n0 = 1, n1 = 1, n2 = 1    à      3!/(1!1!1!)  = 6 
                  n1 = 3            à      3!/3!           = 1 
  
Total number of microstates: which is just the addition of the number of microstates for each configuration. 
 

 
  
Total energy of the system: it is just the sum of the number of molecules in each energy state “i” times the number of that state, εi.  
 

 
 
 

 
for example, the energy level in each different configuration should be the same: 
 

 
 

Lecture 2: Probability and Boltzmann’s distribution 
 
The probability of a microstate in order to determine the most probable configuration, the fundamental assumption is that all atoms, 
molecules and particles are identical and thus that every microstate within a system has equal probability. That is, there is no chemical processes 
that favours some microstates over others. So the probability of any particular microstate is thus: 

 
Probability of a configuration: since a configuration is the distribution of particles among the molecular quantum states that give 
rise to unique occupation numbers (e.g. n0 = 2, n3 = 1), and that there are various microstates for a given configuration, then the probability of a 
particular configuration is the addition of its microstates divided by the total number of microstates in the system. 
 

 
 
 
 

 
Configurations in large systems: in very large systems, one configuration occurs many times more than others. As N and E grows, 
then the most probable configuration approaches 100% (but never does). It is also evident that some other simple configurations are not very 
likely. For example, putting all the energy into one molecule (e,g. all molecules are in n0 and only one in n5), or sharing the energy equally 
among as many molecules as possible is also of quite low probability. This is seen in the example below where we have N = 10 and E = 5. 
 

 
 
So as N and E become large, one configuration, the configuration with the maximum number of microstates, occurs with a probability 
approaching one. The equilibrium configuration is the one which maximises W for a given N and E.  
 
No matter what microstate the system starts out in, the exchange of energy between molecules leads it towards the most probable configuration 
because every other configuration occurs with near-zero probability, so it is pretty much the only configuration that we will observe. Once a 
system reaches its most probable configuration, it is extremely improbable that it will undergo any further change in configuration. This stability 
is equilibrium. However, the system will continue to exchange energy and adopt different microstates but of the same configuration so we can 
see that the system does not change in time. 

	  



So if at one time we look at the system we will observe a particular microstate of a configuration, the next time we look at the system we might 
encounter a different microstate but belonging to the same configuration. we can thus conclude that the system has a given configuration which 
will mean that the system is behaving the same way every time we look at it. 
 

 
 
 
 
Boltzmann’s distribution: For large systems at equilibrium we can neglect all but the most probable configuration, this is the 
equilibrium configuration. We will denote the occupation numbers for this configuration by n0* or n1* or n2* [ni* à how many molecules are in 
the ith state relative to the ground state n0*, in equilibrium (* means in equilibrium)]. We can figure out how many molecules are in the ith state in 
terms of ni

* or in terms of occupation probability (Pri
* = ni

*/N) by the boltzmann’s distribution: 
 

                   
This formula compares 2 states at a time, we can then proceed to compare state j with 0, or z with 0. This equation tells us what the occupation 
numbers will look like (we need to calculate them) for the most probable configuration because the system is at equilibrium. Equilibrium is 
dependent on temperature, so you will obtain different types of equilibrium for different temperatures (this is why equilibrium state is dependent 
upon temperature). 
 
Furthermore, this formula says that the occupation number in an excited state increases as temperature increases, meaning that more excited 
states are occupied at higher temperatures because the value of the exponent of e becomes really small (we can calculate the number of particle 
in other states, but if occupation number in n0 drops, then it logically will follow that particles are in excited states).  
 
Furthermore, occupation of high energy levels decreases exponentially with increasing energy above the ground state (ε0) because the exponent 
of e becomes big if the energy difference is big.  
 
The meaning of β: it determines the distribution of molecules among the various energy levels, and depends on the total available energy 
(E)of the system, so as E increases, which means T increases, β decreases. It is a collective property of the system and is only defined for a 
system at equilibrium. So β and T are properties of an equilibrium configuration.  β gives you an idea of the distribution of the molecules in 
different states (makes sense because you can do this with temperature). β is inversely proportional to T, so: 

 

 
 

 
In both cases we can see that the system follows the Boltzmann’s distribution. That is that the occupation numbers for each excited state 
decreases as we go further into high energy states. If the system does not follow this, then it is not in equilibrium. 
 

 
 
 
 
 
 
 
 
 
 

 
The figure has equally spaced energy levels. and 0 denotes the ground state and the others higher energy levels. There is a fixed number of 2 
million particles, the ground state will have more particles than any of the individual higher energy states, but the sum of the higher energy states 
can exceed the number of particles in the ground state. furthermore, the sum of the particles in the ground state plus the number of particles in 
the higher energy states must equal 2 million molecules. 
 
 
 
 
 

	  

Most probable configuration = equilibrium 
 

if β is large    à      the exponent of e will be small, then only the lowest energy levels will be occupied since not many molecules will occupy 
higher energy states (the exponential function decays quickly e.g. T = 50 K). 

 
If β is small    à      the exponent of e will approach zero, then higher energy levels (excited states) are occupied (the exponential function 

decays slowly meaning that molecules will occupy higher energy states e.g. T = 200 K). 
	  



Lecture 3: molecular partition function and the characteristic temp 
 
Absolute zero: since the Boltzmann’s distribution is dependent on temperature, then approaching T à 0 we can see that: 
 

 
 

Which means that all molecules in the system are in their lowest energy state (that is the ground state). n0* = N at T = 0. As a result, there can be 
no temperature lower than absolute zero, because molecules cannot go into a lower energy state. that means that we have placed all of your 
molecules in the lowest quantum state and no molecules are in the first or any other high energy state. 
 
The molecular partition Function over quantum states: since the Boltzmann’s distribution can also be expressed as a 
probability of a particular configuration, we can calculate probability of finding a molecule in state j (different from state i) by the number of 
molecules in state j divided by the sum of the Boltzmann’s distribution for the system.  
 

 
 

One definition of the molecular partition function is the sum over all states, i, in the denominators of this expression. It is a function of 
temperature and the energy levels of the molecule. It does not depend on the system, or how many molecules we have.  

 
The molecular partition function can also be rearranged to be expressed in a different format by multiplying and divide by n0*: 
 

 
 
 
 

 
Another definition of the molecular partition function is an estimate of the number of thermally accessible states (occupied states) per system (it 
logically follows that as the ratio of N/n0* increases, molecules will be in higher energy levels than compared to the ground state). It is a 
weighted sum of the occupation numbers relative to the ground occupation number, and it increases as the occupation number of excited states 
goes up. q(T) increases with increasing temperature (Then ß will also decrease, excited states contain more molecules). this equation will be 
useful when calculating if molecules are in higher energy states for the 4 different types of degrees of freedom of a molecule. 
 

 
 
 
 
 
 
 
Properties of equilibrium configurations: Temperature is a property of an equilibrium configuration. Therefore, a system only 
has a definite temperature value only when it is in equilibrium. If not in equilibrium, a definite temperature does not exist, we only have many 
different values of temperature. So if we compare different energy levels and solve for the temperature, and they all yield the same temperature, 
then we know that the system is in equilibrium. The ratios between the ground state and excited energy states should follow the decay constant 
of the Boltzmann’s distribution (as in the graph below, so less and less molecules will occupy higher energy states), if rather we have an 
inconstant graph which does not follow the Boltzmann’s distribution (as we can have varying occupation numbers for the different states which 
not follow the decay constant), then system is not in equilibrium. 
 

 
Degeneracy of molecular states: There is a difference between quantum states and energy levels. this 
is due to degeneracy as there can be a number of different states that have the same energy and hence share the 
same energy level. The number of states that have the same energy is called the degeneracy of that level. The 
degeneracy of the energy level ε is denoted as g(ε) (which only counts the number of degenerate sates within the 
same energy level).  
 

	  



	  

It is important to note that the occupation probability of each of these quantum states, depends only on the energy of the state: Pr1 = n1*/N = 
n1’*/N. However, on the other hand, the probability that energy level ε1 is occupied is given by Pr(ε1) = n1*/N + n1’*/N = g(ε1) x Pr1. 
 
Since there is distinction between quantum states and energy level, there are 2 equivalent ways of writing the partition function q(T), depending 
on whether you sum over the individual quantum states i or energy levels ε1 (counting how many states per energy level this is why we include 
g(ε) in the formula): 
 
 
 
 
 
 
This allows us to express the Boltzmann’s distribution in terms of the the number of states per energy levels (g(ε) is included because we can 
have more than 1 quantum state within 1 energy level): 
 

 
 

The Characteristic Temperature: Is an estimate of the temperature required to populate the first excited energy state for a 
particular degree of freedom so it can store energy (we are considering the system as a whole). This is not the same as temperature of the system: 
 

 
 
 
 

If all energy levels have the same difference in energy, then they will all share the same value of the characteristic temperature. However, if they 
vary, then energy difference between energy level will vary accordingly. We can compare this characteristic temperature to the temperature of 
the system, so: 
 
 
 

 
 
 
Note: q(T) à g(ε0), the degeneracy of the ground state, that is equal the number of molecular states within that energy level. This can be 
explained that since the exponent is dependent ø/T, then a bigger multiple of it, will mean that exp( negative bigger number) à 0, but we cannot 
make the whole expression equal to 0 because molecules will disappear and it does not make real sense, we rather than state that all molecules 
are within the g(ε0) increase of degeracy. 
 

Lectures 4 and 5: Degrees of Freedoms and ability to store energy 
 
Translations for a simple particle: order to build our ideal gas, we will use the particle in a box model. From last term 
(CHEM2401), we know that the energy levels of a 1-D particle in a box are: 
 

 
 
we can clearly change the energy levels by changing the size of the box, L. as L is decreased and the particle more confined, the energy 
difference increase. 
 
A particle in a 3-D box in the form of a cube of side-length L has similar energy levels, but now we require three quantum numbers to specify 
the state. The following equation is the energy of the particle in a given energy level. It is dependent upon the mass of 1 particle, but all the 
particles within this energy level will have this same value: 
 

 
 
 
 

m = mass of particle (in Kg)  
L = length of 1-D box,  

h = 6.626x10-34 J s. 
 
Translation is the only possible degree of freedom for an atomic (i.e. monatomic) gas, the allowed energies are all specified. We can now 
calculate the molecular partition function, energy, and other properties of the system. 
This equation quantum numbers describe the possible directions the particle can possibly be moving. A quantum number for the x direction, a 
quantum number for the y direction and a quantum number for the z direction.  
 
The way to picture the quantum state of a molecule with translation energy is to imagen that when we are considering only a 1-D box, we are 
visualising the particle only moving back and forth over a line, but the particle will spend most of the time around the area that can be expressed 
as a wave function (which by squaring the function, you can obtain the probability of finding the particle within the 1-D space). Now 
introducing a 2-D area, the particle can not only move back and forth but also side to side, the side to side movement will also have quantised 

	  

T >> ø          à        many states occupied        à      q(T) >> 1 
 

T << ø        à       only ground state is significantly occupied       à      q(T) = 1 or q(T) = g(ε0)  
 

	  


